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Numerical Modelling of Fibre Suspensions in Newtonian 
and non-Newtonian Fluids 
 
Summary 
In this thesis, Dissipative Particle Dynamics (DPD) models of fibre suspensions in 
Newtonian and non-Newtonian fluids are developed and presented. The results are 
validated with other experimental data and numerical models. First, the DPD 
method is studied and further developed to enhance its performance with regard to 
algorithms and no-slip boundary conditions. A novel no-slip boundary is proposed 
and successfully applied to different flows i.e. Poiseuille, Couette and complex 
flows. The algorithm is efficiently parallelized to speed up the computation. 
Secondly, a novel DPD model for fibre and a Versatile Network Approach DPD 
model for viscoelastic fluids are developed in order to simulate efficiently fibre 
suspensions in Newtonian and non-Newtonian fluids.  The models are validated 
by comparing the numerical results with available theoretical solutions or 
experimental data. The rheological properties of fibre suspensions and the 
orientation of fibres under Couette flows are then investigated for the effects of 
different solvents, volume fractions, and shear rates. Those results will help to 
enhance our understanding of the flows of fibre suspensions and moreover the 
simulation can then be used to compute the rheological properties. On top of that, 
a modified version of the Folgar-Tucker’s constant is proposed to deal with 
viscoelastic suspensions. Coupled with this, a predictive model for rheological 
properties is suggested and good agreement with simulated data lends some 
confidence to its use for Newtonian and viscoelastic fibre suspensions. Lastly, the 
models are further extended to deal with several different applications. 
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Chapter 1:  
Introduction 
Rod-like particle suspensions can be found in many important and diverse 
applications: short DNA separations, pulp suspensions, carbon nanotubes, and 
short-fibre reinforced composites, to name a few. The latter applications are 
becoming increasingly important in consumer goods as well as in industries such 
as high-quality sport’s equipment manufacturing and aerospace, where desirable 
properties such as strength, stiffness, toughness and light weight are necessary. 
While conventional materials such as metals and their alloys are strong and tough, 
they are also heavy. Fibre reinforced composites on the other hand possess all the 
mentioned desirable properties. These composites have been extensively 
developed and successfully deployed across many applications and industries over 
the last decades. 
There are two main types of fibre reinforced composites: the continuous-fibre 
composites (CFCs) and the short-fibre composites (SFCs). The continuous-fibre 
composites contain full length of reinforced particles over the dimension of the 
parts; whereas the short-fibre composites are reinforced by particles that are 
typically slender, and whose lengths are small compared to the overall dimension 
of the components. Therefore SFCs can be used in mass productions using 
techniques that have been developed for processing pure polymers, such as 
injection moulding, extrusion, and shear moulding compound, etc. [De and White 
(1996)]. In applications with intricate geometries, SFCs are preferred to 
continuous fibre composites, which often require costly and labour-intensive 
Chapter 1: Introduction 
  2 
processing. However, the properties of CFCs can be precisely estimated and easily 
controlled, since the fibre configurations in the materials are known. Fibre 
orientation in SFCs is the key feature for controlling their properties, such as their 
strength and conductivity. Fibre orientation is strongly affected by flow 
conditions, and is not so easily predicted. Because of its significance in industries, 
the rheology of short-fibre suspensions has been studied intensively during the last 
few decades.  
In general, fibre suspensions are characterized in terms of their volume faction, φ  
= nπd2l/4, and aspect ratio, aR = l/d, where n is the number of density, l is the fibre 
length and d is the diameter of the fibre [Doi and Edwards (1978a, b)]. The 
concentration of fibre suspensions is usually classified into three regimes: dilute, 
semi-dilute or semi-concentrated and concentrated. A suspension is dilute when 
each fibre can freely rotate without any hindrance from surrounding fibres. The 
fibres have three rotational degrees of freedom, leading to the condition that there 
is on average less than one fibre in a volume of 3.V l=  Hence, the condition for a 
dilute suspension is 2 / ,d l Vφ ≤  or 2 1Raφ ≤ . In semi-concentrated regime, the 
condition 21 R Ra aφ< ≤  applies so that each fibre is confined in a volume of 
2 2d l V dl< < . In this regime the fibres have only two rotating degrees of freedom 
since the average spacing between two neighbouring fibres is greater than the 
fibre diameter but less than the fibre length. Finally, a suspension satisfying the 
condition of 1Raφ > , is called a concentrated suspension. The average distance 
between fibres is less than a fibre diameter, and consequently fibres can no longer 
rotate independently except around their symmetry axes. The fibres thus possess 
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one rotating degree of freedom in this regime and any motion of a fibre must 
necessarily involve a cooperative motion of surrounding fibres. 
The major challenge of theoretical suspension rheology is to develop a suitable 
constitutive equation which properly describes the relation between the 
macroscopic rheological properties of a suspension and the characteristics of the 
suspending media and of the suspended particles (e.g. geometries, volume factions 
and orientations). Such a constitutive equation can not only enhance the 
understanding of the suspension but also qualitatively predict its rheological 
properties under certain flow conditions. There are usually two different 
approaches to formulate the constitutive equation: the continuum and the 
microstructure modelling approaches. In the microstructure modelling approach, 
the constitutive relation can be derived from the knowledge of microscopic 
structures of the materials, since the microstructural properties can be directly 
mapped with the macroscopic rheological behaviours. In the continuum approach 
the constitutive relation is established in terms of the continuous properties of 
materials. The continuum approach however faces increasingly enormous 
difficulties in dealing with the complex fluids in general and particularly with  
suspensions. This is because complex fluids usually possess complex changing 
morphologies, and the observable behaviours are affected in a fundamental way 
by the microscopic structures of the fluids. Moreover, at the micro- or nano-scales 
the fluid consists of individual and separated particles for which the continuous 
properties are not applicable and therefore the continuum concepts may need to be 
carefully reconsidered to apply in such cases.   
In the early days, Ericksen (1960) and Han (1962) derived the constitutive 
equations for dilute suspensions from continuum mechanical principles. Later 
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several anisotropic constitutive models of fibre suspensions were developed from 
the microstructural approach, notably [Batchelor (1970); Doi and Edward (1978a, 
b); Hinch and Leal (1972, 1976); Dinh and Armstrong (1984); Lipscomb et al. 
(1988); Folgar and Tucker (1984); Phan-Thien (1995)]. It is noted that the 
functional forms of constitutive equations derived from both approaches resemble 
one another. However, the microstructural approach appears eventually to be the 
more attractive approach because it models the underlying physics more closely 
and the increase in computer power now allows complex systems of equations to 
be solved exactly. 
The evolution equation for the motion of an isolated rigid spheroid in a Newtonian 
fluid [Jeffery (1922)], is usually regarded as the corner-stone of almost all 
theoretical works in fibre suspensions. The Jeffery’s theory has contributed to our 
understanding of non-Newtonian flow behaviours of non-spherical fibres/particles 
suspended in a Newtonian solvent. However, since the interactions between 
particles are neglected in this theory, it is reasonable to apply it only for dilute 
suspensions. Some numerical techniques were used to solve the Jeffery’s 
equations or the extensions of the equations. Several results have been achieved 
with regards to the prediction of the orientation states of the fibre suspensions in 
some complex flows. However, most of these numerical results are obtained for 
decoupled problems, which are applicable under the assumption that the 
orientation of the fibres does not affect the Newtonian flow field [Advani and 
Tucker (1987); Gupta and Wang (1993); Altan and Rao (1995); Zheng el al. 
(1996)]. Alternately, the coupled approach allowing the fibre orientations and the 
flow kinematics to be solved simultaneously to provide the solution has also been 
attempted numerically. Among those using this approach are Papanastasiou and 
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Alexandrou (1987), Lipscomb et al. (1988), Zheng et al., (1990b), Phan-Thien et 
al. (1991b), and Phan-Thien and Graham (1991). 
The numerical simulation of semi-concentrated to concentrated fibre suspensions 
is reliable only if the fibre-fibre interactions are considered carefully. This point is 
particularly important as the numerical simulations should provide not only a 
guidance and insight into the construction of the relevant microstructural models 
of suspensions, but the numerical data themselves should be precise enough to be 
useful for experimentation as well. Several investigations of fibre-fibre interaction 
have been reported [Dinh and Armstrong (1984); Folgar and Tucker (1984); 
Yamane et al. (1994, 1995)]. Dinh and Armstrong (1984) used a distribution 
function to describe the orientation state, and the fibre-fibre interaction is also 
taken into account. A rheological equation of state for semi-dilute fibre suspension 
is then proposed for two specific cases: the fully aligned and random orientations. 
Ganani and Powell (1986) reported several experiments of semi-concentrated 
suspensions in Newtonian and non-Newtonian fluids and the results are compared 
with the model of Dinh and Armstrong. However, the discrepancy between them 
is clearly observable. Folgar and Tucker (1984) developed an evolution equation 
for concentrated fibre suspensions, where the particle-particle interaction is taken 
into account by adding a diffusion term to Jeffery’s equation. They assumed the 
diffusivity is proportional to the shear rate and the interaction coefficient, which is 
known as the Folgar-Tucker constant Ci, was then determined empirically. 
Fibre-fibre interactions can in general be classified into two types: short range and 
long range interactions. The short range is considered as the fibres come into 
contact, otherwise the long range hydrodynamics is taken into account. Yamane et 
al. (1994) developed a method to simulate semi-dilute fibre suspensions in shear 
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flows where the short range interaction is modelled by lubrication forces between 
neighbouring fibres, whereas long range interaction was neglected in their 
simulations. The Folgar-Tucker diffusivity constants were obtained by averaging 
the numerical values, but it seems to be too low compared with the experimental 
values of Folgar and Tucker (1984). Recently, Fan et al. (1998) reported a direct 
method for simulating fibre suspensions in which both short- and long-range 
interactions are taken into account, but neglecting Brownian motion. Due to the 
large computational demand, a system of 40 suspended fibres per cell was 
simulated. More recently Phan-Thien et al. (2002) have developed a method to 
calculate the Folgar-Tucker constant by using slender body theory that can reduce 
the single-layer boundary integral from two dimensions (the fibre surface) to one 
dimension (fibre axis) and they proposed an empirical equation that can predict 
the Folgar-Tucker constant for a wide range of volume fractions and aspect ratios. 
The results show good agreement with experimental values of Folgar and Tucker 
(1984). However, the theory was applicable only for Newtonian suspensions. 
So far most of the available suspension theories have been developed based on the 
assumption of suspending Newtonian media. However, in most practical problems 
such as fibre-reinforced plastics, the solvent are polymeric liquids and even 
polymer melts, which is viscoelastic in nature. Bird et al. (1987b) have provided a 
comprehensive book describing the behaviours of viscoelastic fluids, as well as 
their mathematical models. Few experiments have been done to attempt to 
understand the rheological properties of the fibre suspension in viscoelastic fluid 
[Ganani and Powell (1986); Josehp and Liu (1993); Ramazani et al. (2001)]. 
Joseph and Liu (1993) have studied the motion of a settling needle in both 
Newtonian and viscoelastic fluids, and they observed that different viscoelastic 
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solvents alter the orbit of the fibres in dramatically different manners. This 
therefore raises a question whether the assumption of a Newtonian base flow is 
adequate for describing the behaviour of suspensions in viscoelastic fluids. This 
will be further discussed in next chapter. Recently, Ramazani et al., (2001) have 
done several experiments on fibre suspensions in viscoelastic liquids under 
Couette flow conditions to investigate the effects of shear rates, fibre 
concentrations, fibre aspect ratios, and matrix media. A modified model of Folgar-
Tucker diffusivity constant was reported. The key point in this model is that both 
the fibre-matrix interaction and shear rate dependent fibre-fibre interaction are 
taken into account. The model predicted well in some cases of large aspect ratio 
fibres but not for the small aspect ratio fibres. They then suggested that further 
modification of the original Folgar-Tucker model was needed to qualitatively 
predict the rheological properties of fibre suspensions in viscoelastic fluids.  
The Dissipative Particle Dynamics (DPD) method was first introduced by 
Hoogerbrugge and Koelman (1992) as a coarse-grained simulation technique. Its 
basis in statistical mechanics was subsequently established by Español and 
Warren (1995), and Marsh (1998). DPD is regarded as a mesoscopic technique 
since it is designed to bridge the gap between the microscopic simulation methods 
such as Molecular Dynamics (MD) and the macroscopic approaches involving the 
solution of the fluid flow equations. The major interest of DPD is its facilities for 
simulating the statics and dynamics of complex fluid systems on physically 
interesting length and time scales. It has therefore been applied to various flow 
systems and some significant successes have been achieved so far, for instants in 
polymer suspensions [Kong, Manke, and Madden (1994, 1997); Schlijper, 
Hoogerbrugge, and Manke (1995)]; colloids [Koelman and Hoogerbrugge (1993); 
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Boek et al. (1996, 1997)]; and multi-phase fluids [Coveney and Español (1997); 
Coveney and Novik (1996); Novik and Coveney (1997)]. 
In this thesis, the DPD method is further developed to efficiently model fibre 
suspensions in both Newtonian and non-Newtonian fluids. To simulate such 
complex problems we focus first on optimizing the DPD method (numerical 
algorithms, boundary conditions, etc.) to enhance its performance and then on 
developing the effective particle models (e.g., rigid fibre and viscoelastic fluid 
models) as well as incorporating all of these into a complete simulation model. 
The simulation models are validated by comparing the numerical results with 
either theoretical solutions or available experimental data. The rheological 
properties of fibre suspensions, coupled with the fibre orientations, are then 
investigated simultaneously during the simulations. These results will help to 
enhance our understanding of the flows of fibre suspensions and moreover the 
simulation can then be used to compute the rheological properties. Ultimately, we 
attempt to propose useful engineering models, which can qualitatively predict the 
rheological properties of fibre suspensions in both Newtonian and non-Newtonian 
fluids. 
In Chapter 2, we review available models of fibre suspensions and their associated 
problems. Since many contributions have been made in this field, we will focus 
attention only on several key models that are directly relevant to the particular 
subject of our study.  
In Chapter 3, we will introduce the DPD method in detail. The governing 
equations, a finite-time step evolution algorithm and the statistical method 
measuring the rheological properties as well as the parameters in DPD are 
carefully described here. Furthermore, a novel method to implement no-slip 
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boundary condition, the so-called double layer wall treatment, is developed and 
presented in this section together with the SLLOD algorithm for modelling the 
Couette flow. Those methods are implemented to simulate the canonical Couette 
flows of Newtonian fluids and the results are compared with each other as well as 
validated against analytical solutions. Furthermore, the no-slip boundary is also 
implemented for the Poiseuille flows and numerical data are obtained and 
compared against the analytical solutions. The fluctuation of density near the 
boundary is carefully examined for all cases and its effect on the rheological 
properties is investigated. The concentration-expansion flow is lastly implemented 
using the double layer wall model and the results are then compared with the 
numerical results generated by the commercial software Fluent. The results 
confirm the ability of the double layer wall technique for simulating not only 
simple flows but also flows with complex geometry. Finally, a parallel scheme for 
DPD method is developed to speed up the computation. 
A novel DPD model of fibre suspensions is proposed and presented in Chapter 4. 
The fibre-solvent interaction and the fibre-fibre interaction are thoroughly studied 
and investigated through the single-rod problem. Besides, in DPD, polymeric 
liquids are usually modelled by suspending some polymer chains in Newtonian 
fluids [Kong, Manke, and Madden (1994, 1997); Schlijper, Hoogerbrugge, and 
Manke (1995)]. However, it is limited to dilute polymer solution simulation and to 
a relatively small number of chains. The Versatile Network Approach of DPD 
(VNADPD) is therefore developed, and also introduced in this chapter with a 
specific focus on the modelling of highly concentrated polymeric liquids and even 
polymer melts. Furthermore, a modified version of Folgar-Tucker’s constant is 
proposed to capture the shear thinning effect of viscoelastic matrix, and finally a 
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prediction model for predicting rheological properties of fibre suspensions is 
suggested. 
Up to this point, fibre suspensions in Newtonian or non-Newtonian fluids are 
simulated by integrating the fibre model with the DPD Newtonian fluid or the 
viscoelastic VNADPD fluids. The implementations of these suspensions are 
presented in chapter 5. The rheological properties of fibre suspensions are 
investigated and the simulation results are validated with other available 
experimental data or numerical models. 
Our models in DPD can be further extended to cope with different applications. 
We describe two specific problems: the neuro-probe penetrating into brain tissue 
and the dynamics of a single DNA chain – they are studied and presented in 
chapter 6. Some promising results are obtained. 
In chapter 7, the results of the thesis are summarized. The implications of these 
results for numerical simulations of viscoelastic fibre suspensions are discussed 
and guidelines for the appropriate choice of system parameters are outlined. 
Possible directions for future research of alternative applications are also 
identified. 
The major results of this thesis have been accepted in the following publications 
listing: 
- Duong-Hong et al., Fibre Suspensions in Newtonian and Non-Newtonian 
Fluids: DPD Simulations and a Model Prediction, 2005b. 
- Duong-Hong et al., A DPD Model for Simulating Rheological Properties of 
Fibre Suspensions in Viscoelastic Media, 2005a. 
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- Duong-Hong et al., Numerical Simulation of Soft Solids by the Versatile 
Network Approach: Application to a Neuroprobe entering a brain tissue, 
2004a. 
- Duong-Hong et al., An implementation of no-slip boundary conditions in 
DPD, 2004b. 
- Chaidron et al., A versatile network approach of dissipative particle dynamics 
method, 2004a. 
- Chaidron et al., On the Penetration of a Neuroprobe into a Brain, 2004b. 
- Duong-Hong et al., Numerical Modelling of Viscoelastic Fibre Suspensions, 
2003 
- Chaidron and Duong-Hong, 1st AERC held in Guimaraes Portugal, 2003. 
  12 
Chapter 2:  
Literature review 
2.1 Theory 
Understanding the rheology of fibre suspensions is the key in processing of short-
fibre composites. Historically, rheological models of fibre suspensions are 
constructed based on: 
1. The motion of an individual fibre in a homogeneous media: this helps to 
understand the reciprocal influence between the kinematics of the 
suspending fluid and the orientation of the suspended particle or fibre. 
2. A suspension of many such fibres is then constructed through the 
evolution of the distribution of fibre orientations. 
3. The bulk stress due to the fibres is calculated using the orientation 
distribution function. Here statistical methods are preferred. 
Since there is a large number of contributions in this field, we decide to focus on 
some selected models that are more directly relevant to our study, and refer the 
interested readers to recent reviews [Milliken and Powell (1994); Zirnsak, Hur, 
and Boger (1994); Petrie (1999)] for the other works. 
2.1.1 Jeffery’s model 
Jeffery (1922) studied the motion of a single ellipsoidal particle immersed in a 
viscous fluid and developed an expression describing the particle motion and the 
forces acting on the suspended particle. Several assumptions are made in Jeffery’s 
model: (i) the particle is rigid, neutrally buoyant, axisymmetric, and large enough 
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so that Brownian motion can be neglected; (ii) the suspending fluid is Newtonian; 
(iii) both particles and fluid inertia are negligible so that the fluid motion is 
determined by Stokes’ equation. The equation describing the motion of a single 
fibre is described by 
 ( ): ,λ= ⋅ + ⋅ −p W p D p D ppp  (2.1)
  
where p is the unit vector representing the orientation of a single spheroidal 
particle and is taken to coincide with the axis of the fibre, and p  is the material 
derivative /D Dtp . The parameterλ is a function of the fibre aspect ratio, aR, and 










λ −= +  (2.2) 
and ( ) / 2T= ∇ −∇W u u  is the vorticity tensor, ( ) / 2T= ∇ +∇D u u is the strain rate 
tensor with superscript T denoting the transpose operation. Note that the 
magnitude of p is preserved in time evolution since 0⋅ =p p . In other words, if p 
is initially a unit vector, then it always remains a unit vector. The first term of 
equation (2.1), ⋅W p , represents a rotation with the fluid, while the second term, 
⋅D p  represents the component of straining with the fluid. The last term, 
:D ppp is considered as the stretching component which has to be subtracted since 
p is a unit vector.  
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Fig. 1. The coordinate systems used to characterize the orientation of a single fibre 
Jeffery’s equation predicts that a single fibre in a simple shear flow will undergo a 
periodic rotation. Referring to Fig. 1 if the flow field is defined: 
 0,,x y zv vy vγ= = =  (2.3) 









θ φ φ= +  (2.4) 
 2cot tan .e
tr
T
πφ τ⎛ ⎞= +⎜ ⎟⎝ ⎠  (2.5) 
T is the period of rotation, given by 
 ( )12 ,e eT r rπγ −= +  (2.6) 
where the orbit constant C and the phase τ  are determined by the initial 
orientation of the particle; and re is called the equivalent ellipsoidal axis ratio; it is 
the effective value of the aspect ratio. The latter parameter for cylinders has been 
experimentally obtained by several researchers [Anczurowski and Mason (1967, 
1968)]. In particular, Bretherton (1962) suggested that the effective aspect ratio is 
about 0.7aR for the case of cylindrical particles. Following Eq. (2.4)(2.5), if the 
motion of the particle is marked out in θ - φ space the particle will continually 
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The motion of a single fibre in a sea of fluid is well understood. Nevertheless, in 
the presence of another fibre or a wall near by, its motion becomes more 
complicated and needs further discussion in section 2.2.2. To model realistic 
suspension applications, both these effects therefore need to be considered. 
However, before the role of such interactions can be studied, it should be possible 
to characterize fibre orientation quantitatively when a description of the 
orientation distribution of a multi-fibre suspension is required. 
2.1.2 Fokker-Planck equation and equation of change 
By defining the ‘effective’ velocity gradient tensor, ζ−L DL=  with 
21 2 /( 1)Raζ λ= − = +  and T= ∇L u being the conventional velocity gradient 
tensor, then the equation (2.1) can be rewritten as 
 ( ) .= − ⋅ ⋅p I pp p L  (2.7) 
If Brownian motion is added, particularly for those sufficient small particles 
typically less than 10 μm in size, then a random force in the space orthogonal to p 
needs to be included in the equation (2.7): 
 ( ) ( ) ( ) ( ).b t= − ⋅ ⋅ + − ⋅p I pp p I pp F L  (2.8) 
Here, the Brownian forces F(b) can be modelled as white noise that has zero mean 
and delta correlation function: 
 ( ) ( )( ) ( ) 2 ( ),b b rt s t sδ+ =F F D  (2.9) 
where rD is the rotational diffusivity tensor of the process (in most of the 
published work this is assumed to be a scalar), ( )sδ is the delta function and 
dψ• = •∫ p  denotes the ensemble average over the configuration space with 
respect to the probability density function, ψ. This function is the probability of 
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finding a given fibre in an orientation between r and r+dr, where r is a given 
orientation in space. As already pointed out above, the Brownian forces acts 
perpendicularly to p. In other words, only rotational Brownian motion is allowed 
so that vector p is truly a unit vector all the time; the factor ( )−I pp  removes any 
component of the Brownian forces parallel to p. Now it is necessary to specify the 
probability density function ( )ψ p  to complete the description of the 








where, from Eq. (2.8 – 2.9), 
 ( )
2 rt
Δ Δ = −Δ
p p D I pp  (2.11) 
and  
 ( ) .
t
Δ = − ⋅ ⋅Δ
p I pp pL  (2.12) 
The corresponding diffusion equation for the probability density function can then 
be written as 
 ( ) ( )( ) .rtψ ψ ψ⎡ ⎤∂ ∂ ∂= ⋅ − ⋅ − − ⋅ ⋅⎢ ⎥∂ ∂ ∂⎣ ⎦⋅I pp I pp pp pD L  (2.13) 
The above equation is variously referred to as the Fokker-Planck or the 
Smoluchowski equation. The moment equation for p, in particular pp , can be 
derived from Eq. (2.13) [Phan-Thien et al. (2002b)]: 
 
( ) ( ) ( )
( )







= − ⋅ + ⋅ − − − +
+ −




Chapter 2: Literature review 
  17 
2.1.3 Folgar-Tucker Model 
Folgar-Tucker (1984) introduced an isotropic scalar diffusivity constant ,r iD C γ=   
where 2(2 )trγ = D  is the generalized strain rate and in this model the aspect 
ratio is assumed infinite. Here, Ci is an empirical material constant and regarded 
as the interaction coefficient. From the definition of Dr it is seen that once the 
flow ceases, the interaction also stops because γ  goes to zero. Furthermore, the 
value of Ci was assumed to be a constant independent of the orientation state, as 
first approximation. This constant has been experimentally determined by Bay and 
Tucker (1992), and was reported to be at the range of 10-2-10-3. Yamane et al. 
(1994) developed a method to simulate the fibre motion in a shear flow in which 
only short range interaction is taken into account and is modelled by lubricant 
forces between neighbouring fibres. The values of Ci they obtained are much 
lower than those values suggested by Folgar-Tucker (1984). Phan-Thien et al. 
(2002b) have recently suggested a method where both short range and long range 
interactions are considered in their simulations. This phenomenological constant 
as they reported is a function of the volume faction of the fibre and its aspect ratio. 
Their numerical results suggest an empirical equation of the form: 
 [ ]1.0 exp( )i RC A Ba φ= − − . (2.15) 
With A=0.030 and B= 0.224, a very good agreement with simulated and Folgar-
Tucker data was obtained. However, the theory was also based on Newtonian 
suspensions. 
2.1.4 Closure approximations 
In general, the vector p of fibre is time dependent owing to the intrinsically 
unsteady flows of fibre suspension. The moments of p are therefore properly 
Chapter 2: Literature review 
  18 
derived from the second-order moments. However, since the evolution equation 
(2.14) for the second-order orientation tensor <pp> contains the fourth-order 
tensor <pppp> and the evolution for <pppp> contains <pppppp> and so on…, 
leading to a closure problem. These closure approximations are basically 
formulated in such a way that a higher order tensor is simply approximated from 
lower order tensors. The first simplest formula is the quadratic closure, employed 
by Doi (1981) and others, 
 : : .=pppp D pp pp D  (2.16) 
This closure is exact in the limit of perfectly aligned fibres. However, when the 
Peclet number, defined as 3 /sPe a kTη γ=  1, is small and particularly when 
deformation is small, the fibre orientation tends to be randomized, and the 
approximation is not recommended in this case. Otherwise, a linear closure 
approximation is exact for random distribution of fibre orientation (an isotropic 
suspension) that is proposed by Hand (1962): 
( ) ( ) ( )1 1: : 2 : 2 2 : .
35 7
⎡ ⎤= − + + + + +⎡ ⎤⎣ ⎦ ⎣ ⎦pppp D I D I D I D pp pp D D pp pp D I
  (2.17) 
A more sophisticated approximation was designed to be able to apply correctly in 
both strong (perfectly aligned fibres) and weak flows (perfectly random 
orientation), that have been proposed by Hinch and Leal (1976):  
( ) ( ) ( ) ( )( )22 1 6 2: : : : .5 5 5 5 ⎡ ⎤= − + ⋅ ⋅ − ⎣ ⎦pppp γ I pp γ pp pp γ pp γ pp I pp γ              (2.18) 
More recently, Cintra and Tucker (1995) developed a new family of closure 
approximations, called orthotropic fitted closure, by transforming the fourth-order 
tensor in the principle axis system of the second-order tensor, and expressing its 
                                                 
1 Where ηs is the solvent viscosity, a is the size of the particles and kT is the Boltzmann temperature. 
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three independent components in terms of the second-order principal values. The 
formula of the closure approximation was fitted to numerical solutions of the 
probability density function in a few well-defined flow fields. 
A variety of other closure approximations has been proposed. Further details may 
be found in Advani and Tucker (1987, 1990), Szeri and Leal (1992, 1994). It is 
known that the validity of closure schemes depends on the type of flows and the 
degree of alignment of the fibres. 
2.1.5 Constitutive models for suspensions 
The appearance of a particle and its orientation in suspension will impact upon the 
total stress tensor. In general, total stress in the rheology of suspensions usually 
consists of two parts [Batchelor (1970)]:  
 ( ) ( ) ,s pij ij ijσ σ σ= +  (2.19) 
where ( )sijσ is the viscous contribution of the suspending media and ( )pijσ is the 
particle-contributed stress. The latter is of great challenge for those who want to 
study and develop a constitutive equation in theoretical rheology suspensions. 
2.1.6 Dilute suspensions: Transversely Isotropic Fluid (TIF) 
From a purely continuum mechanical consideration, the transversely isotropic 
fluid (TIF) was first introduced by Ericksen in 1960. Leal and Hinch (1975) 
suggested from a micro-mechanical analysis of a dilute suspension, the particle-
contributed stress for such a TIF model is given by 
 ( ){ }( ) 1 2 3 42 : ,p s rA A A D Aη φ= + ⋅ + ⋅ + +σ D pppp D pp pp D D pp  (2.20) 
where sη is a viscosity of the solvent, φ is the volume faction, Dr is the rotational 
diffusivity of the spheroids and the constants Ai (i = 1, 4) are calculated in terms of 
the aspect ratio and tabulated in Table 1. 
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The TIF model is very close to that for rigid dumbbells, [Bird et al.  (1987b)], 
both have the same common starting point from the mechanics of an isolated 
particle. 
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Table 1: Asymptotic values of Ai, i = 1 to 4 
2.1.7 Semi-concentrated suspensions: Dinh and Armstrong model 
In general, the average stress in a suspension is calculated by determining the 
additional stress due to included fibres in some representative volume (statistically 
homogeneous) of the suspension. Batchelor (1970) showed that the average 
particle-contributed stress of a rigid particle suspended in a Newtonian fluid at 







= ⋅∫S σ nx  (2.21) 
Here, S is the particle-contributed stress, V is the volume of the representative 
region, A0 represents the surfaces of the included particles (fibres), ⋅σ n  is the 
force per unit area exerted on the surfaces of the fibres by the surrounding fluid, σ  
is the local stress, n  is the outward pointing unit normal, x is the position vector. 
The summation is taken over all the surfaces of the fibres in the volume V. It is 
apparent that the Eq. (2.21) can be straightforwardly applied to a real problem, 
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although not simple because it requires the detailed information of the local 
velocity field around every particle. 
Dinh and Armstrong (1984) applied Batchelor’s theory [Batchelor (1970)] and 
developed a constitutive equation for fibre suspensions in semi-concentrated 
regime, where the volume fraction satisfies 2 1R Ra aφ− −< < . In this model, they 
assumed that there are no mechanical contacts among fibres, hence all interactions 
between fibres are hydrodynamic. They derived the following bulk stress due to 












⎡ ⎤⎢ ⎥= ⎢ ⎥⎡ ⎤+⎣ ⎦⎣ ⎦
∫ ppppσ D p
pp
 (2.22) 
where sη is the viscosity of suspending fluid, n is the number of fibres per unit 
volume; l and d are the fibre length and diameter respectively and the infinite 
strain tensor, 0γ is defined as 






∂= ∂  (2.24) 
in which xi and Xj are the coordinate at times t and t0 respectively. 
Finally, the parameter H represents the average distance from a fibre to its nearest 
neighbour, and its value is given by 
 ( ) 12H nl −=  (2.25) 
for random orientation, and 
 ( ) 1/ 2H nl −=  (2.26) 
for fully aligned orientation. 
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Further investigation involving Dinh and Armstrong’s model showed that under 













⎡ ⎤⎢ ⎥⎢ ⎥= +⎢ ⎥⎛ ⎞⎢ ⎥⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 (2.27) 
for randomly oriented fibres in a suspension. 
2.1.8 Concentrated suspensions: Phan-Thien – Graham Model. 
In fibre suspensions, the total stress usually depends on the kinematics of the bulk 
flow, the orientation of fibres and the physical characteristics of the suspension, 
i.e., the volume faction and the aspect ratio of fibres. Recognising the dominance 
of the pppp term at large aspect ratio, Phan-Thien and Graham (1991) constructed 
an analogous constitutive form to predict the transition behaviour of non-dilute 
suspensions. The particle-contributed stress is expressed by 
 ( ) 2 ( ) : ,p s f Fη φ=σ D pppp  (2.28) 
where f(φ) is a function of the volume fraction and F is a function of the aspect 
ratio. They are defined respectively by 




( ) and .





φ φφ φ φ
−= = −−  (2.29) 
The parameter mφ  is the maximum allowable volume faction of the suspension. φm 
may be approximated empirically by a linear function of the aspect ratio [Kitano 
et al. (1981)]: 
 0.53 0.013 , 5 30.m R Ra aφ = − < <  (2.30) 
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In this model, an empirical function of the volume faction and aspect ratio is used 
to portray the strong hydrodynamic interactions between fibres. Recently, Fan et 
al. (1999) have modified this model by taking the rotational diffusivity of fibres 
into account. The modified model is then given by 
 ( )( ) : 2ij s rf F GDτ η φ= +γ pppp pp  (2.31) 








= −  (2.32) 
where Dr is the diffusion coefficient, •  denotes the ensemble average over the 
orientation space of fibres. The γ  is the shear rate tensor.  
One point worth noting here is that the first term in equation (2.31) contributes to 
the fibre stress due to tension in the fibres and the second term represents the 
contribution due to momentum transport caused by random motions of fibres. In 
the literature, the latter is usually neglected at the large Peclet number. However, 
since G = O( 2Ra ), the same order as F, it is reasonable to add this term into the 
constitutive equation. 
2.2 Experimental results and numerical methods 
Most of our knowledge and understanding of rheological suspensions have been 
gained through experiments and simulations. Data obtained from experiments 
conforming to the appropriate procedures and using precise instruments not only 
enhance insight into the natural phenomena, but are also used as benchmarks to 
validate both analytical and numerical results. However, owing to limitations of 
available equipment and techniques for complex situations, researchers have 
turned to numerical simulation as a tool of analysis. The major hindrance to 
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numerical simulations is computational cost. Nonetheless, the extensive 
development of numerical methods as well as the growing capabilities of modern 
computers will help to overcome this problem. We will review both experimental 
results and numerical methods that contribute to improve our understanding of the 
behaviour of suspensions. 
2.2.1 Single particle systems 
As mentioned at the beginning of this chapter, Jeffery’s equation [Jeffery (1922)] 
is a starting point of many subsequent theoretical developments for suspensions. 
The equations are also validated and confirmed by many experiments and 
numerical simulations. The theory has been then further developed for different 
prolate objects by using an “effective” aspect ratio. Trevelyan and Mason (1951) 
and Barton and Mason (1957) examined the motion of rods and disks in shear 
flows. They found that, as expected, the period of rotation for the particles scaled 
linearly with the shear rate and did not depend on the initial particle orientation. 
Trevelyan and Mason (1951) calculated the equivalent aspect ratio of these 
particles, and they recognized that the equivalent aspect ratio gives excellent 
agreement with the slender-body predictions of Cox (1971) for cylinders with 
aspect ratios between 17.8 and 132. Particularly, they found that re decreased from 
0.7aR to 0.53aR as the aspect ratio, aR, is increased from 20.4 to 115.3. These are 
acceptably close to the theoretical results found by Brenner (1974).  
More recently, Ivanov et al. (1982a) showed that fibre rotation in shear flows 
leads to transient non-Newtonian behaviour even in dilute suspensions. They also 
observed that after shearing inception, the viscosity of an initially aligned 
suspension undergoes damped oscillations at a frequency equal to twice that of the 
Jeffery rotations. The steady state is eventually reached after a few oscillations. 
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Thereafter the suspensions become Newtonian. They were able to show that the 
damping was due to the polydispersity of the particles and subsequently obtained 
further corroborative experimental evidence [Ivanov et al. (1982b)]. 
It is acknowledged that the motion of a single fibre in a sea of fluid and the 
behaviour of dilute fibre suspensions in shear flows are well understood, 
following the works of Leal and Hinch (1971, 1972, 1973). Research on 
suspension rheology has then been biased towards non-dilute regimes and 
complex flows, where fibre-fibre and fibre-wall interactions have to be carefully 
considered. The next section shall discuss a number of these issues.  
2.2.2 Multi-particle systems and boundary effects 
Fibre-fibre interaction is a crucial effect in non-dilute suspensions since it 
influences strongly the rheological properties of suspensions as well as the 
orientation of fibres. Many authors have attempted to tackle this issue by both 
experiments and numerical simulations. From an experimental view point, it is 
very difficult to observe directly the effects of fibre-fibre interactions undergoing 
specific flow conditions because of the inherent opacity of the suspension at high 
concentration as well as the inherent physical limit of the visualization techniques. 
Thus measuring the orientations and positions of more than one fibre at the same 
time is very time-consuming and often inaccurate. Furthermore the refractive 
index of the fluid must be carefully matched to that of the fibre as the 
concentration of the fibres increases. Otherwise, the suspension becomes fully 
opaque and individual fibre rotations cannot be observed [Milliken and Powell 
(1994)]. Several techniques have been suggested to overcome this issue such as 
using transparent matrix with transparent wall, or using special fibres (copper 
fibre, translucent fibre), etc. [Tucker and Advani (1994)]. However, the 
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measurement of the orientation probability distribution for the fibres is preferred 
simply because of its feasibility and easy implementation in practice.  
Anczurowski and Mason (1967) observed the orientation state of rods and discs 
undergoing shear flows. They concluded that even in dilute suspensions, the 
particle orbits may be changed by particle interactions if given sufficient time. 
Anczurowski et al. (1967) measured the distribution of fibre orientations for dilute 
suspensions in Couette flows. They observed the transient rotation of rods and 
noticed that the distribution of the phase angle φ reached steady state faster than 
that of the orbit constant. They also showed that fibre-fibre interactions including 
both close- and distant-collisions cause the changes of fibre orbits and phase 
angles. They defined the collisions “close” if two fibres passed within one particle 
diameter (d) of each other, and in simple shear flows its frequency is of the order 
2nld γ . Alternately the collision is “distant” when fibres are within one particle 
length (l) of each other, and its frequency is of the order 3nl γ . Even though the 
effect of close collisions on fibre orientation is expected to be much stronger than 
that of distant collisions, they concluded that the distant collisions significantly 
impact the orientation state. Perhaps the reason lies in the higher rate of 
occurrences for the distant collision. The damping of periodic motion of cylinders 
in a simple shear flow is then believed to be caused by distant collisions. 
However, Okagawa et al. (1973) attributed the damping to two factors: the 
polydispersity in aspect ratios or in fibre shapes as well as the fibre-fibre 
interactions. More recently, Stover, Koch and Cohen (1992) measured an orbit 
constant correlation function which gives an idea of the rate of loss of memory.  
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Apart from experimental works, many researchers have now turned to numerical 
methods to study the fibre-fibre interactions. In the direct approach, the Stoke 
equations are solved in the flow domain around each fibre in the suspension, and 
the forces and torques calculated on each fibre are then used to determine the 
motion of the fibre. This direct method is, in a sense, exact, but it is also 
computationally intensive especially for highly concentrated suspensions. Finite 
difference or finite element method is applied to solve for the solution of the flow 
around an individual fibre, but the computational cost dramatically increases in 
problems involving many fibres. Thus there have been very few works reported so 
far on using directly these methods.  
The Boundary Element Method (BEM) or Boundary Integral Equations (BIE) has 
then been developed to reduce the computational load. The advantage of this 
technique is that the equations are transformed from a three-dimensional form to 
two-dimensional (surface) integrals, and as a result the computational cost may 
decrease. However, the shortcoming of this original technique lies in the intensive 
cost of full matrix inversion. Thus enormous efforts have been made to overcome 
this obstacle. The significant progress is the development of the iterative methods 
to circumvent the problems of the full matrix inversion [Tran-Cong and Phan-
Thien (1989); Phan-Thien et al. (1991)]. Tran-Cong and Phan-Thien (1989) 
examined the sedimentation of pairs and triplets of spheroid and Phan-Thien et al. 
(1991) further simulated the shear flow of periodic arrays of particle clusters using 
BEM. In fact, the BEM is a very promising numerical technique to solve Stoke’s 
equation exactly in a suspension of particles but is still very computationally 
expensive. Further efforts have been contributed to improve the method, a 
boundary collocation method was then introduced by Yoon and Kim (1990); it is a 
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variant on boundary integral method. Rather than taking the integrals over the 
surface of the particles, they describe the particles by a distribution of singularities 
(e.g., a slender-body approximation for high aspect ratio fibres) and used a least-
squares collocation method to determine the singularity strength. They stated that 
this technique is superior to the boundary integral method both from stability and 
computational efficiency point of view. Following the parallel computer 
strategies, the BEM is successfully parallelized for cluster computers by several 
authors to speed up the computations.  Kim and Amann (1992) have used the 
completed double-layer boundary integral equation method (CDL-BIEM) to 
compute the microstructure evolution in suspensions. They have developed an 
iterative solution for parallel computer to solve a large linear system of equations. 
From their test cases, they stated that the method is very effective for applying in 
parallel cluster computers. The method is further developed for multi-particle 
system by Seeling and Phan-Thien (1994).  
More recently, Fan et al. (1998) have applied the slender body theory to simplify 
the single-layer boundary integral equations from two-dimension (particles’ 
surface) to one-dimension (particles’ axis), resulting in a saving in computation 
cost. They examined the dilute and semi-dilute fibre suspensions with both short- 
and long-range fibre-fibre interactions. The short-range force is modelled by 
lubrication forces as suggested by Yamane et al. (1994), and the long-range 
interaction is calculated by slender body theory. They also suggested an 
anisotropic of the fibre diffusion, which is assumed to be still proportional to the 
shear rate, and the constant of proportionality is modelled by a tensorial quantity 
C. The Folgar-Tucker constant may be determined by taking one-third of the trace 
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of C. The components of C can be calculated by solving Eq. (7) of Phan-Thien et 
al. (2002b); the main result is embodied in the empirical equation (2.15).  
The Stokesian dynamics was first introduced by Bossis and Brady (1984), a 
thorough review of the method and its scope can be found in [Bossis and Brady 
(1988)]. In Stokesian dynamics, the hydrodynamic interactions are considered by 
both short- and long-range forces. The long range interactions are accounted in the 
mobility matrix (which relates velocity to force). This is then inverted to obtain 
the resistance tensor (which relates force to velocity). The short-range interactions 
are included by adding the lubrication stresses using two-body resistance 
functions. The resistance tensor and its inverse are then used to determine the 
instantaneous velocity of each particle in the fluid and the average stress tensor. 
The Stokesian dynamics method is successfully applied to study suspensions of 
prolate spheroids [Claeys and Brady (1992a, 1992b, 1992c)]. Claeys and Brady 
(1992a) have used Stokesian dynamics to determine the effective viscosity of 
suspensions of spheroids possessing aspect ratios ranging from 1 to 100. Their 
results showed that the viscosity strongly depends on both the aspect ratio and the 
volume fraction; however, the viscosity is nearly linear with volume fractions 
even up to relatively high concentrations.  
Besides fibre-fibre interactions, the fibre-wall interaction is another difficult 
problem in fibre suspensions and it has not attracted much attention. There is no 
consensus on exactly how far away the wall must be for the fibre to be free from 
the wall effect. The wall effect on the motion of fibres may result from two 
sources:  the inherently mechanical constraint that a fibre cannot penetrate into a 
wall and the hydrodynamic disturbance caused by the fibre in proximity of the 
wall may reflect back to the suspension because of the present of the wall nearby. 
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Bibbo et al. (1985) have measured the shear stress of fibre suspensions in a 
Newtonian fluid undergoing simple shear flows which are generated in the cone-
and-plate and parallel-plate apparatus, their data showed that the viscosities of 
suspensions are experimentally equivalent if the gaps are greater than 1.2 times 
the fibre length. The result may be affected for semi-concentrated suspensions, 
where the interactions between the fibres usually dominate over any possible 
effects of the wall on the overall rheological behaviour of the suspensions. 
Li and Ingber (1991) calculated the period of rotations of an ellipse undergoing a 
plane Couette flow (two-dimensional simulations) and they concluded that the 
wall effect is observable for channel widths that are not larger than five times the 
particle length. Later Ingber and Mondy (1994) implemented 3-dimentional 
simulations of rods and spheroids undergoing Jeffery orbits in different shear 
flows by applying a boundary element method. They examined the wall effects, 
particle interactions and non-linear shear flows and found that Jeffery theory 
provides a good approximation of the orientation trajectory for the particle in both 
linear and non-linear shear flows even in close proximity to other particles or 
walls. They also argued that two-dimensional simulations grossly over-predict the 
wall effects seen in three dimensions, and finally concluded that the effect is 
minimal for the gap larger than the longest dimension of the particle. 
More recently, Burget (1994) has conducted the experiments for studying fibre 
motion in simple shear flows which was generated by moving two belts at equal 
velocity in opposite directions. They found that the initial alignment of the fibre 
causes different behaviours of fibres located at a distance less than one fibre 
length from the boundary. In particular, when the fibre is not aligned with the 
flow, the motion of the particle follows Jeffery’s obit well with an effective shear 
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rate usually higher than actual shear rate; alternately once the fibre is aligned with 
the wall, it tends to remain in its alignment along the wall. However, the 
stabilizing effect of the wall has not adequately studied, because the apparatus 
length and the camera view are restricted, and consequently the motion of the 
fibre could not be observed for very long time. Further experiments could be done 
for smaller aspect ratio particles so that the particle can be observed for much 
longer time against its period of rotation. However, if the aspect ratio becomes too 
small, slender body theory may no longer be applicable. 
Fibre-fibre interaction and fibre-wall interaction problems have offered great 
challenges and attracted the attention of many researchers. So far many good 
results have been reported. Above all the reported works have given us a good 
understanding of the phenomena from which predictive models for rheological 
properties may be derived. Several predictive models will be reviewed in the 
following section.  
2.2.3 Rheological predictions of fibre suspensions 
In general, the rheological properties of fibre suspensions can be measured by 
several types of apparatus such as cone-and-plate, parallel-plate instruments (shear 
flow types), capillary rheometers (Poiseuille flow types), and falling-ball devices 
ect.. However, there are inherent difficulties arising from the presence of the 
bounding surfaces of the measuring devices, particularly when the aspect ratio of 
fibre is large, and the polydispersity of the suspensions. The major interest in 
constitutive modelling of suspensions is the determination of the reduced or 
relative viscosity /r sη η η= (ratio of the suspension viscosity to the solvent 
viscosity) which has been measured and examined in different experiments. 
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Attanasio et al. (1972) measured and compared the viscosity of dilute suspensions 
of rigid rods in creeping flows by both capillary and Couette viscometers and they 
found that the viscosities are equivalent if the instrument/fibre length ratio is 
greater than three. However, Stankoi et al. (1968) found the viscosity of 
concentrated fibre suspensions to be independent of capillary diameter over a 
relatively small range of concentrations. The latter case may be caused by fibre-
fibre interaction, which is stronger than fibre-wall interaction in such concentrated 
suspensions.  
For non-dilute fibre suspensions in shear flows, the stress response is time 
dependent. However, the relation to fibre motion is unclear. Ganani (1984) and 
Ganani and Powell (1986) studied semi-concentrated suspensions of nearly 
monodisperse short glass fibres. Upon inception of shearing, the stress overshoot 
reaches a maximum value, before it finally decays to a steady state. This transient 
behaviour is different from those found by Ivanov et al. (1982a, 1982b), as 
mentioned above, where oscillations were observed. Nonetheless, they all 
believed that at steady state the viscosity of fibre suspensions is independent of 
the shear rates and exhibits behaviour or characteristics of a Newtonian fluid. 
On the contrary, Maschmeyer and Hill (1977a, b) have measured the viscosity of 
concentrated fibre suspensions by capillary viscometers. They found that the 
viscosity of highly concentrated suspensions is dependent on the shear rate even in 
the Newtonian region of suspending fluids (at relatively low shear rates). More 
recently, Powell (1991) found the shear-thinning behaviour of suspensions of 
particles with high aspect ratios. 
In general, transient effects will decay so that after a sufficiently long time the 
suspension will reach an equilibrium state. A steady-shear viscosity can then be 
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measured. It is believed that fibres in shear flows will eventually align with the 
direction of flow. If boundary effects are eliminated, the viscosity of fibre 
suspensions in Newtonian fluids should be the same for all shear flows. 
Besides the reduced viscosity, the normal stress differences are also investigated 
by many authors. Several studies showed that fibre suspensions in Newtonian 
fluids exhibit the Weissenberg effect or at rod climbing [Nawab and Mason 
(1958); Robers and Hill (1973); Mewis and Metzner (1974); Chan (1978); Bird et 
al. (1987b)]. The Weissenberg effect is usually attributed to the presence of 
normal stress forces, which has been explained by Chan (1978) as follows: the 
shear flow of the medium between the fibres induces tensile stresses and the fibre 
tensile stress acting along closed streamlines results in a normal stress in the 
suspensions. This effect is observed in Zirnsak et al.’s experiments (1994) for 
semi-concentrated fibre suspensions in a Newtonian fluid. Their results showed 
that the first normal stress difference, denoted N1, increases linearly with shear 
rate in log-log scale at a slope of around unity and it also increases with the 
volume fraction, φ, and the fibre aspect ratio, aR. They found the linear 
dependence of the dimensionless first normal stress difference (normalized by a 
constant shear stress) on / lnR Ra aφ . The second normal stress difference, denoted 
N2, is not measured in those experiments but they can be reasonably assumed to 
be much smaller than the first normal stress difference. The so-called normal 
stress difference, denoted by N1 – N2, is usually measured using a parallel-plate 
device. The normal stress differences, which are measured at different gap sizes, 
linearly vary with the shear rates and almost superimposed on another. From this 
observation, they concluded that the wall-effect is not significant in both cone-
and-plate and parallel-plate geometries. However, it is necessary to note that their 
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suspensions are semi-dilute; hence the fibre-wall interaction may be much smaller 
than the fibre-fibre interaction.  
Numerous constitutive equations have been developed to qualitatively predict the 
rheological properties of fibre suspensions in Newtonian fluids for both dilute and 
non-dilute suspensions. Some of these are mentioned above (see section 2.1.5) and 
a good review of those models is provided in Zirnsak et al. (1994), and Petrie 
(1999). Some details of those models are summarized in the appendix A. 
Almost all available suspension theories of fibre suspensions have dealt with 
Newtonian suspending fluids. However, most of the practical problems such as 
moulding of short-fibre composites may also involve non-Newtonian liquids. The 
influence of non-Newtonian suspending fluids on fibre evolution and fibre-fibre 
interaction will lead to the changes of fibre orientation and hence the rheological 
properties of fibre suspensions. This is reviewed in the following section. 
2.2.4 Effects of non-Newtonian suspending fluids 
In a simple shear flow and if the fluid is viscous, a slender particle undergoes a 
periodic motion known as Jeffery’s orbit [Jeffery (1922)]. Jeffery’s theory has 
been further used in constructing useful constitutive equations for fibre 
suspensions. The question that may be asked here is how much indeed does the 
viscoelastic fluid modify the Jeffery’s orbit. There have been some studies in the 
past that have addressed the motion of a single particle suspended in a non-
Newtonian liquid. The results have illustrated some similarities and some 
differences of behaviour in the motion of a fibre suspended in Newtonian and 
non-Newtonian suspending fluids. Chiba et al. (1986) did some experiments and 
observed different behaviours of long bodies falling in Newtonian and viscoelastic 
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fluids. The results demonstrated that a lender body sedimenting in Newtonian 
fluid rotates to adopt a horizontal orientation, while it rotates towards a vertical 
orientation in viscoelastic solvent however at less concentrated solvents it moves 
sideways with a constant orientation angle. It may be attributed to the effect of 
shear thinning and elasticity of the solvent. The problem has recently been 
examined again by Joseph and Liu (1993), carrying out a series of experiments of 
needle sedimentation. They found that in some experiments a cylindrical particle 
settles steadily at a fixed angle of tilt with vertical direction and it eventually 
migrates itself to the centre of the tube regardless its initial positions. Nonetheless, 
it is different from the observation of a sphere moving toward the wall at a 
Deborah number of O(1), [Becker et al. (1996); Binous and Phillips (1999); and 
Singh et al. (2000)]. Furthermore, Joseph and Liu examined separately the 
influence of viscous, viscoelastic and inertia effects on the motion of a single 
long-body in different fluids. These effects on the motion of a particle in 
viscoelastic fluids can be summarized as follow: when the inertia is small and 
viscoelastic effect dominates, a particle settles with its broad side parallel to 
gravity, whereas the particle settles with its broad side perpendicular to gravity 
when inertia is large and elasticity is weak. Those results are also supported in 
another work by Huang et al. (1998).  
The motion of a single fibre in shear flows is further studied experimentally by 
Iso, Koch and Cohen (1996a, b) for both weakly and strongly elastic fluids. They 
observed that a fibre undergoing a simple shear flow of weakly elastic fluid tends 
to align with the vorticity axis. Similar results were obtained by previous 
simulations of Leal (1975), and Harlen and Koch (1993). However, for more 
highly concentrated suspensions, the fibres will tend to align with the flow 
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direction. In contrast, for highly elastic fluids they found a different behaviour in 
which the fibres have a tendency of lining up with the flow. This is in good 
agreement with the results of Bartram, Foldsmith and Mason (1975), and Johnson, 
Salem and Fuller (2000). Very recently, Phan-Thien and Fan (2002a), using CDL-
BIEM, have simulated the mobility problem of a single particle in an unbounded 
viscoelastic fluid modelled by the Oldroyd-B fluid. However, the approach 
requires an inordinately large computational effort.  
In general, the viscosity of fibre suspensions increases with increasing the volume 
fraction and the fibre aspect ratio. The fluids in question are shear thinning, so that 
the shear viscosity decreases with increasing shear rates. There are several 
constitutive equations suggested to predict the viscosity of fibre suspensions in 
viscoelastic fluids. Ganani and Powell (1986) measured the viscosity of glass 
fibres suspended into PIB/certane solution at different volume fractions. Their 
results showed that the viscosity increases sharply with increasing fibre 
concentration and fibre aspect ratio for both Newtonian and non-Newtonian 
suspending fluids. For Newtonian suspending fluids, the viscosity appears to be 
constant in the full range of shear rates. However, for non-Newtonian fluids at 
sufficiently high shear rates, shear-thinning of suspensions is observed and the 
viscosity of suspensions will approach that of suspending fluids and that is 
strongly supported by many authors [Chan et al. (1978); Ganani and Powell 
(1986); Ramazani et al. (1997); Ramazani et al. (2001)]. Furthermore, they also 
compared their results with those of the model of Dinh and Armstrong (see 
section 2.1.7), and differences were observed. The discrepancy between them may 
arise from the fact that the fibres used in experiments are largely polydisperse. 
Recently, Sepehr et al. (2004) have proposed a composite model so called Folgar-
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Tucker-Lipscomb [Folgar and Tucker (1984); Lipscomb et al. (1988)] to compare 
with the experimental data of fibre suspension in Boger fluids (a soft of 
viscoelastic fluid with constant viscosity). Note that Lipscomb’s model is 
developed for fibre suspension in Newtonian solvent. The model is fairly good to 
predict the overshoot of viscosity and normal stress difference at the stransient 
state. It also well predicts the normal stress difference at steady state, however it is 
unable to capture the shear thinning effect of the suspension. It is believed that the 
constitutive equation for Newtonian suspension is inadequate to predict all the 
rheological properties of suspensions in viscoelastic fluids thus a precise model is 
in need. From the light of this statement, Azaier (1996) proposed a constitutive 
equation for fibre suspensions in non-Newtonian fluids. The shear rate dependent 
viscosity of the suspending fluid is taken into account in the fibre-contributed 
stress equation. They successfully simulated fibre suspended in polymeric liquid 
modelled by different models (FENE-P, FENE-GR and Giesekus models). Their 
numerical results show that the ratio of the suspension viscosity and the solvent 
viscosity is almost constant over whole range of shear rates event at high shear 
rates that is not observed in several other experiments done by Chan et al. (1978), 
Ganani and Powell (1986) and Ramazani et al. (2001). Recently Ramazani et al. 
(2001) have suggested a model that uses a sophisticated formula for the Folgar-
Tucker parameter Ci. The latter takes into account the effects of shear rate on fibre 
orientation, as well as inherent fibre-fibre and fibre-matrix interactions. Their 
experimental data and numerical results are almost identical except for cases of 
the small aspect ratio. The results clearly show that at low shear rates increasing 
the volume fraction and/or fibre aspect ratio lead to increase of suspension 
viscosity, whereas at high shear rates the suspension viscosity approaches to that 
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of the suspending viscoelastic fluids and becomes almost independent of fibre 
characteristics.  
2.3 Summary for Chapter 2 
In this chapter, several constitutive equations have been reviewed for fibre 
suspensions from dilute to concentrated regimes. It is generally acknowledged that 
the rheological properties of suspensions depend not only on the fibre 
characteristics (i.e., shapes, volume fractions) but also the orientation 
distributions. Interaction between fibres strongly affects the fibre orientation and 
the suspension rheology. These interactions can be accommodated in the 
constitutive equations in several ways to enhance the prediction. Besides fibre-
fibre interaction, fibre-wall interaction is also reviewed through the results in both 
experiments and numerical simulations. Several numerical methods have been 
developed to cope with those effects in order to reliably simulate non-dilute fibre 
suspensions. Most of the theories have been developed based on a Newtonian 
suspending medium, while fibre suspensions in viscoelastic media are often found 
in most industrial problems. Nevertheless, these Newtonian-based theories have 
established a firm knowledge base from which one may further extend to deal 
with viscoelastic suspending solvents. Even in the manufacture of fibre reinforced 
composites, some models of fibre suspensions in Newtonian fluids are used under 
certain acceptable degree of accuracy. The need for more reliable models of fibre 
suspensions in viscoelastic fluids is clearly there. Numerical simulations should be 
a good choice to deal with these complicated problems. However, the 
computational effort required is very great indeed owing to the inherently 
complex behaviour of fibres in viscoelastic fluid media. In the next chapter, we 
will introduce a robust mesoscopic simulation technique, namely the Dissipative 
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Particle Dynamics, which can be applied to effectively simulate fibre suspensions 
in both Newtonian and viscoelastic fluids. 
  40 
Chapter 3:  
DPD Method 
In recent years several new coarse-grained simulation methods have been 
proposed for studying dynamical and rheological properties of complex fluids, on 
time scales which are much larger than that of the conventional Molecular 
Dynamics methods (MD) [Rapaport (1995)]. These new techniques include 
Lattice Gas Automata (LGA), Lattice Boltzmann Equation (LBE), Brownian 
Dynamics Simulation (BDS) and Dissipative Particle Dynamics (DPD). 
The first mesoscopic dynamic simulation method that was conceived was the 
lattice gas approach [Frisch et al. (1986); Doolen (1990)] in which discrete 
particles move restrictively on a regular lattice in accordance with a particular set 
of collision rules. The alternative Lattice Boltzmann model [Benzi et al. (1992); 
Chen and Doolen (1998)], originally derived from the lattice-gas paradigm by 
invoking Boltzmann’s Stosszahlansatz, uses distribution functions defined on a 
grid and has the advantage of more realistically defined thermodynamics and pre-
averaged statistics. However, there have been fundamental problems: isotropy and 
Galilean invariance are not observed [Swift et al. (1996)], since LGA restricts 
particles to move on a regular lattice. For complex fluids, these problems might 
not be easily overcome. It is also quite cumbersome to satisfy no slip boundary 
conditions on a 3D complex boundary. This is a major disadvantage of LGA from 
a practical point of view. Lattice Boltzmann method is developed to overcome the 
many shortcomings of LGA, nonetheless it is very difficult to deal with complex 
fluids, where explicit structural features may have to be included that cannot be 
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represented on fixed lattice. Likewise the Brownian Dynamics simulation [Ermak 
and McCammon (1978); Hur et al. (2000)] has been used extensively in rheology 
and may requires the kinematics to be specified a priori. It conserves only the 
number of particles in the system and its macroscopic behaviour is diffusive. Even 
one may use point-force dipoles in Brownian dynamics simulations to present the 
dumbbells in the limit that their dimensions are significantly smaller than all other 
length scales of a system, the singularity of the dipoles may lead to an unstable 
time evolution of a flow. It is thus applicable only for flows at very low Reynolds 
number. Moreover, due to the low convergence of the interactions between point-
force dipoles, some particular techniques, i.e. fast-multipole method, must be 
applied to rapidly and accurately sum the dipole-dipole interactions. More details 
of this issue can be found in the paper of Phillips (2003).” 
Dissipative Particle Dynamics (DPD) is a mesoscale fluid simulation method 
proposed by Hoogerbrugge and Koelman (1992). The philosophy and the 
underlying nature of the model have also received substantial attention [Español 
and Warren (1995); Español (1995, 1996); Groot and Warren (1997)]. Particularly 
its foundation in statistical mechanics has been completely established [Español 
and Warren (1995); Groot and Warren (1997); Marsh (1998)], and Groot and 
Warren (1997) contributed a significant effort to bridge the gap between atomistic 
simulations and the mesoscopic DPD method. Unlike LGA, the DPD system 
exists in continuous space, rather than on lattices. Hence it removes the problems 
encountered in LGA method, and isotropy and Galilean invariance can both be 
observed. However, it is a coarse-grained scale simulation and retains the 
computationally efficiency of the LGA. The DPD conserves not only the number 
of particles but also the total momentum of the system. This implies that the 
macroscopic behaviour will not only be diffusive like the BDS, but also 
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hydrodynamic in nature, i.e., the transport equations of the system will be of the 
form of mass and momentum conservations. Thus, the flow kinematics can be 
found as a part of the solution procedure. 
A DPD particle represents as a “cluster” of “molecules” rather than a single 
molecule in the MD simulation. The interaction between DPD particles is 
therefore much “softer” than that between atoms. It leads to the fact that the form 
of repulsive force in DPD is usually taken a linear function of a separated distance 
between particles rather than an exponential function like Lennard-Jones force in 
MD [Rapaport (1995)]. DPD therefore facilitates simulations of static and 
dynamic complex fluid systems on physically interesting length and time scales 
which are much larger than that of MD. Dissipation can be introduced into DPD 
by means of Brownian dashpots. The fluid particles no longer conserve the energy 
in each ‘collision’ but conserve the momentum of system. The DPD extensions 
including energy conservations have recently been proposed by several authors 
[Español (1997); Avalos and Mackie (1997)]. 
Since the system is described at a coarse-grained level, its hydrodynamic 
behaviour can be observed with a considerably smaller number of particles. A 
system of few hundreds of DPD particles is sufficient to simulate the behaviour of 
a Newtonian fluid with respect to the thermodynamic laws [Español and Warren 
(1995); Groot and Warren (1997)]. 
The true power of the DPD method lies in the ease with which complex fluid 
constituents can be incorporated into the model. This is of particular interest 
because many naturally occurring systems include several different sorts of 
complexity in the same fluid. Some significant successes have been achieved so 
far with the DPD method, such as in polymer suspensions [Kong et al. (1994, 
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1997a, 1997b); Schlijpe et al. (1995, 1997); Chen et al. (2004)], colloids [Boek et 
al. (1996, 1997); Koelman et al. (1993)], and multi-phase fluids [Coveney et al. 
(1996, 1997); Novik et al. (1997)]. In this chapter, we will present the DPD 
method in detail including its governing equations, numerical algorithm and 
boundary treatments as well as how to implement the method for serial and 
parallel computation.  
3.1 Governing equations 
The DPD system consists of a set of N particles which exist in continuous space. 
Each DPD particle is distinguished by subscript i and is described by its position 
vector, ri, and its momentum, i i im=P v , where im and iv are the mass and 
velocity vector of particle i respectively. 
Based on Newton’s equation of motion, the time evolution of positions and 
















Here, we shall follow the convention of assuming that the mass of particles is 
identical and normalized to unity, Fe is the external force, and ijf is the 
interparticle force exerting on particle i by particle j, consisting of three parts: 
 .C D Rij ij ij ij= + +f F F F  (3.2) 
The conservative force, CijF , is a soft repulsion acting along the line of centres and 
given by 
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where aij is the maximum repulsion between particle i and j, ij i j= −r r r , ij ijr = r  
and ˆ /ij ij ijr=r r  is the unit vector directed from particle j to i, and rc is a cut-off 
radius and here rc is normalized to one unit of length. 
The dissipative force, DijF , and random force, 
R
ijF  are 
 ˆ ˆ( )( ) ,D Dij ij ij ij ijrγω= − ⋅F r v r  (3.4) 
and  
 ˆ( ) ,R Rij ij ij ijrσω θ=F r  (3.5) 
respectively, where ij i j= −v v v , and γ and σ are the coefficients characterizing 
the strengths of the dissipative and random forces, Dω and Rω are the weight 
functions of distance ijr  that vanish if ij cr r≥ , and ijθ is a random function with the 
properties: 
 ( ) 0 and ( ) ( ') ( ) ( ').ij ij kl ik jl il jkt t t t tθ θ θ δ δ δ δ δ= = + −  (3.6) 
The weight functions should follow the detailed balance, akin to the fluctuation-
dissipation theorem [Kubo et al. (1991)], to ensure consistency in the macro states 
when considering the system in different microstates. In other words, if there are 
two systems with the same total momentum but with each particle having different 
momentum in each system, the detailed balance then states that at equilibrium the 
probability of moving between the two states is the same in each direction. To 
satisfy the detailed balance, Marsh (1998), the weight functions obey a relation 
similar to the fluctuation-dissipation theorem, 
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where kB is the Boltzmann constant. We suggested the weight functions [Duong-
Hong et al. (2004a)] as 
 ( ) ( ) 2 1 / ,
0 .
ij c ij cD R
ij ij
ij c
r r r r
r r
r r
ω ω ⎧ − <⎪⎡ ⎤= = ⎨⎣ ⎦ ≥⎪⎩
 (3.8) 
In fact, the forms of weight functions are not specified by the model itself, 
however these weight functions should be positive everywhere. Recently, Fan et 
al. have investigated several weight functions and shown that the dynamic 
behaviour of DPD system can improve by reducing the exponent or increasing the 
cut-off radius, rc. Nonetheless, it would note that the complex form of weight 
functions is not preferred due to the expensive cost of computation.   
Different from MD, there is a ‘built-in’ thermostat in the DPD system through this 
relationship between dissipative and random forces. The dissipative force acts in 
such a manner as to reduce the relative velocity of two particles and removes 
kinetic energy from their mass centre so that it ‘cools’ the system down. The 
random force represents the results of thermal motion of all molecules contained 
in particle i and j, it tends to ‘heat up’ the system. When the detailed balance is 
satisfied, the system temperature will approach the designed value.  
The transport properties of a DPD fluid have been investigated by several workers 
[Hoogerbrugge and Koelman (1992); Groot and Warren (1997)], and the dynamic 
properties of the system can then be determined by the Schmidt number, 
/ ,Sc Dν=  where ν is the kinematic viscosity and D is the diffusion constant. It is 
a dimensionless parameter characterizing the fluid, and can be interpreted as the 
ratio between the time for fluid particles to diffuse a given distance, and the time 
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for hydrodynamic interactions to reach steady state on the same distance. 
Equivalently it represents the ratio of particle diffusion to momentum diffusion. 
However, the absence of the shearing dissipation and the ‘soft’ conservative force 
exerting between particles will cause low viscosity and low Schmidt number in 
DPD fluid. It is necessary to note that in equation (3.4) the dissipative force will 
vanish whenever velocity vector ijv is perpendicular with the separation vector ijr  
no matter how close distance between two particles is. Therefore, using the 
weighting function in equation (3.8) instead of the quadratic one [Groot and 
Warren (1997)] will enhance the viscosity and Schmidt number because of 
stronger dissipative force between particles (see section 3.2.1). However, another 
similar method namely the Fluid Particle Dynamics (FPD), developed by Español 
(1998), takes the shearing dissipation into account. Both translation and rotation 
velocities are computed in the simulation, hence FPD is obviously much more 
complicated and expensive than DPD. In our simulations, the reduced 
computational cost methods are preferable, since we are interested in simulating 
large and complex systems. 
3.2 Simulation procedure 
3.2.1 Groot and Warren algorithm 
In order to implement the DPD system, it is necessary to design a finite time-step 
evolution algorithm. Several algorithms have been developed by different authors 
[Groot and Warren (1997); Pagonabarraga et al. (1998); Gibson et al. (1999)]. 
Besold et al. (2000) have discussed and compared among those algorithms. We 
also attempted to implement some proposed algorithms, and observed that the 
algorithm introduced by Groot and Warren (1997) is more stable and efficient 
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than others. The well known velocity-Verlet algorithm, as modified by Groot and 
Warren, can be described as follows: 
 21( ) ( ) ( ) ( )
2i i i i
t t t t t t t+ Δ = + Δ + Δr r v v  (3.9) 
 ( ) ( ) ( )i i it t t t tλ+ Δ = + Δv v v   (3.10) 
 ( ) ( ( ), ( ))i i i it t t t t t+ Δ = + Δ + Δv v r v    (3.11) 
 [ ]1( ) ( ) ( ) ( )
2i i i i
t t t t t t t+ Δ = + Δ + + Δv v v v   (3.12) 
where ( )i tv denotes the acceleration (i.e., total net force) of the particle i in the 
position ( )i tr  at the instant t; ( )i t t+ Δv  is the prediction of the velocity of particle 
at the instant ( )t t+ Δ , andλ is an empirically introduced parameter, which 
accounts for some additional effects of the stochastic interactions. If the total force 
is velocity independent, the conventional velocity-Verlet algorithm is recovered 
for 1 ,
2
λ =  however since the dissipative force is dependent on the velocity in 
DPD algorithm, Groot and Warren found an optimum value λ  of 0.65. They also 
reported that with this value ofλ the time-step can be set up to 0.06tΔ = whereas 
the temperature is still controlled in simulating an equilibrium system with ρ = 3 
and σ = 3. It is noteworthy that the algorithm would be exact to O(Δt2) at λ = 0.5  
if there is no random or dissipative force. However, it becomes unclear due to the 
stochastic nature of the DPD system, more information can be found through the 
work of Öttinger (1996). We have tested for both value λ = 0.5 and λ = 0.65, the 
simulating results obtained by statistical process are almost the same even the 
steady state is reached faster if λ = 0.65. 
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Furthermore, Groot and Warren suggested a way to choose the parameter in 
equation (3.3) in such a way as to satisfy the compressibility of water: 
 75 Bij
k Ta ρ=  (3.13) 
In addition, the noise amplitude σ = 3 is suggested with λ = 0.5 to assure good 
temperature control. A larger value of σ will increase the driving forces (see Eq. 
(3.14)), but the stability of simulation may be not guaranteed. Using the same 
procedure proposed by Groot and Warren (1997) for the modified weight function 
(3.8), we can analytically calculate the Schmidt number and the viscosity as 
follows (see appendix B): 
 
















πγρη πγ= +  (3.15) 
The viscosity and Schmidt number in this case is larger than that of Groot and 
Warren (1997). From these equations, to enhance the dynamic properties of a 
DPD fluid one may increase the strengths of the dissipative parameter γ, at the risk 
of instability; alternately one may increase the cut-off radius, rc, with the 
accompanied increase of the computational cost. Distributed parallel computation 
with Message Passing Interface (MPI) can be applied to speed up the DPD 
calculation (see section 3.4.2). 
3.2.2 Rheological properties measurement 
Most of the rheological properties in DPD are measured by statistical analysis of 
local data. The simulating domain is divided into a grid of bins, and the local data 
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are then sampled at each bin. The final rheological properties are calculated by 
averaging over all collected data in each bin after a given number of time steps.  
The stress tensor in DPD is calculated using the Irving-Kirkwood model (1950)*: 
 
1
i i ij ij
i i j i
i i ij ij










σ u u r f
u u r f
 (3.16) 
where n is the number density of particles, ( )i i= −u v v x  is the “peculiar” 
velocity of particle i, with ( )v x  being the flow velocity at position x, and •  as 
usual denotes the ensemble average. In equation (3.16), the first term of the right 
hand side represents the contribution to the stress from the momentum transfer of 
DPD particles and the second term from the interparticle forces. It is important to 
note that for simple DPD particles i, the forces fij is calculated by equations (3.1)-
(3.5). However, if particle i denotes a bead of a fibre then the force fij needs 
include the constraint forces of that fibre. The constraint forces will be discussed 
in next chapter. Finally, the constitutive pressure can be calculated from the trace 
of the stress tensor: 
 1
3
p tr= − σ  (3.17) 
It is important to note that the stress and the pressure are calculated in a post-
processing to obtain rheological properties of the system. 
3.3 No-slip boundary conditions 
A correct implementation of the boundary conditions is always a problem for all 
computational fluid dynamic techniques, including DPD. Particularly, the density 
                                                 
* This model arises from a statistical treatment of a system of particles, in deriving the conservative 
system of equations, such as the DPD system considered here. 
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fluctuation near the boundary is always an unintended outcome of particulate 
simulations in continuous media and it should be minimized by applying proper 
boundary condition. In fact, what happens at the interface between liquid and solid 
surface is complicated, it primarily depends on the roughness of surface, the 
conductivity of solid wall as well as the rheolocical properties of the fluid. In 
simulation, it is often an idealized representation. To date the boundary condition 
in DPD is usually treated in two ways:  
1. avoiding physical boundaries by using standard periodic boundary 
conditions to model an infinite domain, i.e., SLLOD algorithm [Evans and 
Morriss (1984, 1990)] (e.g., to model the Couette flow);  
2. modelling the surface of solid objects by freezing the DPD particles; those 
particles are fixed at their positions but still have interaction with other 
free particles [Revenga et al. (1998)] . 
3.3.1 SLLOD algorithm 
The so-called Lee and Edwards boundary conditions [Lee and Edwards (1972)] 
were first used for planar Couette flow. Evans and Morriss (1984) then further 
developed the SLLOD† algorithm based on their previous so-called DOLLS 
algorithm [Hoover et al. (1980)]. More information can be found in the book of 
















                                                 
† SLLOD (reversed spelling of DOLLS ) algorithm is named because of its close relationship to the 
DOLLS tensor algorithm [Hoover et al. (1980)] for shear flow 
Chapter 3: DPD Method 
  51 
where momenta Pi are peculiar with respect to the low Reynolds number 
streaming velocity ( ) .= ⋅∇u r r u  
In Couette flow the macroscopic velocity profile is written as 
 ( , ) .t zγ=u r i   (3.19) 
Therefore, the SLLOD algorithm for specific planar Couette flow is given by 
 ,ii zi xrm
γ= +Pr e   (3.20) 
 .i i zi xpγ= −P F e   (3.21) 
These equations can then be implemented directly in DPD, further detail can be 
found in Evans and Morriss (1990) and Rapaport (1995). 
3.3.2 Double layer wall and sliding wall method 
A set of frozen particles can be used to model a solid surface. However, due to the 
inherent soft interaction between DPD particles, it is difficult to prevent particles 
from penetrating the wall. Hence, a higher density for the wall is chosen to 
produce a stronger repulsive force. Consequently a large density fluctuation 
appears near the wall. Recently Revenga et al. (1998, 1999) have used a frozen 
layer of DPD particles to model a solid surface and proposed effective forces 
obtained analytically for planar wall. However, a slip velocity appears at the wall 
if the wall density is equal to that of the fluid, and no-slip results only if the wall 
has higher density than the fluid. To cope with this problem, Willemsen et al. 
(2000) proposed a no-slip boundary condition by using a layer of frozen DPD 
particles. Furthermore, to reduce the density distortion near the wall they created 
an extra second set of layer by shifting all the particles being located between rc 
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and 2rc from the boundary into this layer, and considering the repulsive forces 
between those particles and free particles.  
In this paper, to enforce no-slip boundary, when particles penetrate the wall layer, 
they will be bounced back to the simulation domain with a new velocity  
 2 ,new wall old= −v V v  (3.22) 
where Vwall is the wall velocity vector. 
With this method, the no-slip boundary condition is satisfied. However, there is 
still a density fluctuation near the wall. To reduce the computational cost of 
modelling complex surfaces, and control the fluctuation, we proposed a new wall 
structure [Duong-Hong et al. (2004a)] that consists two layers of frozen particles 
as described in Fig. 2. 
 
Fig. 2. The structure of the double layer 
The distance of the wall layers to the boundary are proportional to rc, say α1rc and 
α2rc respectively, with 0 < α1 < α2 < 1. Those layers of frozen particles also 
interact with free particles in the same way as the free particles interact between 
themselves. To avoid free particles penetrating the wall, firstly we chose α1 quite 
small, and secondly when particles enter the wall layers a bounce back of those 
particles is incorporated according to 
 2 ,new old r wd= +r r n  (3.23) 
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where dr is the distance from the particle to the boundary and nw is the normal 
vector on the wall directing into the simulation domain. 
The purpose of second layer is not only to strengthen the wall effect but also to 
make the repulsive force exerted by the wall particles on the free particles almost 
uniform. This layer plays a key role in maintaining the density. The effect of this 
layer will be shown by some experiments in the next section. Furthermore, the no-
slip boundary condition is maintained as described above in equation (3.22) 
[Willemsen et al. (2000)]. 
This model has been used to simulate the Poiseuille flow and can be easily 
extended to model more complex geometric including a solid spherical surface. 
3.4 Implementation 
3.4.1 Serial programme 
Some of implementation details are briefly introduced here. The whole 
programme is commonly divided into 3 modules: pre-processing, main computing 
and post-processing modules.  
In the pre-processing module, the density of fluid and the geometry parameters of 
simulating domain are defined by users, the wall is defined as described in section 
3.3.2 and fibre particles if any are set randomly in computational space. Then all 
fluid particles are initially located at the sites of a face-centred cubic (FCC) lattice, 
depicted in Fig. 3. Using this pattern shortens the time to reach the equilibrium 
state, nonetheless the DPD particles are not constrained to move in any specific 
lattice.  
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Fig. 3. Face-centred cubic lattice 
After the initial configurations for the fluid, wall and fibre particles if any are 
generated, then they are checked to ensure that any arbitrary particles do not 
overlap, or are too close. This is to prevent them from being bounced out of the 
computational domain in the first time step, because of the extreme values of 
interaction forces. If this happens, it may cause the main programme to stop 
unexpectedly, and/or the results are not accurate since the particle conservation is 
no longer satisfied. These initial configurations are printed out into a file and then 
read in by the main computing module as input data.  
In the main programme, the initial velocities of fluid particles are set randomly 
according to the setting temperature. The velocities of wall and fibre particles are 
initially set at zero. At the beginning of the simulation, the particles are allowed to 
move freely without applying any external forces until a thermodynamic 
equilibrium state is reached. Then the external force field is applied to fluid 
particles (in Poiseuille flows) or the velocity is set for wall particles (in Couette 
flow) and then the non-equilibrium simulation starts.  
In our simulations, computing the interaction forces between particles takes the 
most computational time. To cope with this problem, we here apply a cell sub-
division and linked-list method as described in Rapaport (1995). In this method, 
firstly the computational domain is divided into a grid of cells which is 
sequentially numbered along the dimensions of computational domain. Then the 
Chapter 3: DPD Method 
  55 
particles within a cell are put into a linked list. The size of cell is optimized at the 
cut-off ratio rc, since most of the interaction forces vanish if distances between 
particles are greater than rc. The linked list therefore associates a pointer with each 
data item and to provide a non-sequential path through the data. Thus it needs 
only a one-dimension array to store the list and makes the search of neighbouring 
particles more efficiently by scanning through the neighbouring cells. 
Most of the rheological properties in DPD are measured by statistical averaging 
over the local data sampled through a grid of bins fixed in the computational 
domain. The final rheological properties are obtained by averaging over all the 
collected data in each bin over a large number of time steps after the system has 
attained steady state. The data is then printed ASCII files which will be read by 
post-processing software modules.  
3.4.2 Parallel programme 
The major hindrance of particle simulation technique is the computational cost. 
However, it seems less critical for the time being because of increasing computer 
power and parallel computation. The Message Passing Interface (MPI) is a 
common language that can help to program for parallel computing in both cluster 
supercomputers and grid computations. We have parallized our programme using 
MPI-Fortran language and validated in both supercomputer clusters as well as in 
the computational grid (see appendix C). The concepts of parallel computation are 
briefly presented here. The solvent and the fibre particles are suspended into a 
rectangular 3D channel as in Fig. 4. 
As mentioned above, the most extensive cost of our simulations lies in the 
computation of the interaction forces among particles, therefore the computational 
domain is divided into several sub-domains corresponding to the number of CPUs. 
Chapter 3: DPD Method 
  56 
Because the interaction forces are considered within a radius rc, the cut-off radius, 
around the particular particle as described in Fig. 5, therefore only particles that 
are near the boundary of two adjacent sub-domains need to be considered for the 
interactions with both the particles in its sub-domain and the particle in the 
neighbouring sub-domain. Therefore, we need to shift all the particles within the 
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Fig. 6. The communication between sub-domains 
The speed up and the efficiency of parallel algorithm are investigated for the case 
of 4096 fibres suspended in a Newtonian fluid contained in a channel size of 
64x30x30. The results are shown in Fig. 7. Note that, the speed up is calculated by 
Sn = T1/Tn and efficiency is computed by En = Sn/n, where T1 is the time for 
running a simulation using the serial program, and Tn is the time for a complete 
run of the parallel program using n CPUs. In Fig. 7, using 8 CPUs, the speed up 
seems reach the highest plateau but the efficiency reduces lower than 50%. The 
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3.5 Simulations of a Newtonian fluid and results  
3.5.1 Simulations of Couette flow - SLLOD algorithm 
We use the SLLOD algorithm described in section 3.3.1 for simulating a 
Newtonian fluid in Couette flows. We consider a shear flow in a channel of size 
60x3x30. We choose the density of 4, hence total 21600 DPD particles are used. 
The parameters in equations (3.3)-(3.7) are chosen basically according to Groot 
and Warren (1997), particularly, kBT = 1, aij = 18.75, and σ = 3. Furthermore, the 
time step is chosen 0.02, the sampling data lasts over 200 time units. The results 
are showed at over 1000 time units. Since we want to investigate the fluctuation 
near the wall we need to place 200 bins allocated along the z direction to collect 
local information. However, elsewhere a smaller number of bins for sampling data 
should be enough for accuracy and consequently the computing time is also 
reduced. All the above parameters are retained in all the simulations in this 
chapter for consistent comparisons. 
The velocity profile - temperature - density
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Fig. 8. The relative velocity profile, temperature and density of Couette flow – SLLOD 
algorithm 
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Shear stress and normal stress differences
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Fig. 9. The shear stress and the normal stress differences – SLLOD algorithm 
In this simulation, we are interested in investigating the velocity profile, the 
kinetic temperature and the density profile as well as the shear stress, and the first 
and second normal stress differences. The velocity profile results from the 
maximum velocity of flow max ZV Hγ=   imposed on a wall, where Hz is a half of 
channel height and γ is the shear rate that is set of 0.2 in this simulation. In Fig. 
10Fig. 8, the velocity profile agrees well with the analytical solution and the 
kinetic temperature and density profile are identical along the z direction. 
Fig. 9 shows that the shear stress is almost constant along the gradient direction 
and the normal stress differences N1 and N2 are nearly zero except for some 
fluctuations near the boundaries. These properties are typical of a Newtonian 
liquid. Furthermore the shear viscosity calculated in this simulation is 2.44 - this 
“solvent” viscosity is very important for the next phase of the fibre suspension 
simulations. 
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3.5.2 Couette flow - sliding wall method 
In this method the physical wall is modelled by a double layer structure of frozen 
particles, as described in section 3.3.2. In particular we choose α1 = 0.125rc and 
α2 = 0.325rc and set the maximum repulsive forces between wall particles and free 
particle at 8.66. Couette flow then can be simulated by sliding the upper wall with 
a constant velocity Vwall and the lower wall with a velocity –Vwall in x direction. 
The other parameters are chosen to be the same as in the previous simulation. The 
relative velocity is obtained by dividing the velocity of fluid by Vwall and the result 
is plotted in Fig. 10. In this figure, we also plot the temperature and the density 
along the z direction. 
It is seen that the velocity profile is in excellent agreement with the theoretical 
solution, with some density fluctuations near the wall. As a result, there is very 
little fluctuation of the shear stress and the normal stress differences near the wall, 
as shown in Fig. 11 - typical of a Newtonian fluid. Furthermore, the viscosity 
obtained in this simulation is 2.42. 
The velocity profile - temperature - density
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Fig. 10. The relative velocity profile, temperature and density of Couette flow 
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Shear stress and differences of normal stresses
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Fig. 11. The shear stress and the first and second normal stress differences 
Several experiments have been done with both methods to study the apparent 
viscosities with different shear rates from 0.01 to 2.0 corresponding to the 
approximated Reynolds number from 3.68 to 737, and the results are tabulated in 
Table 2. 
 SLLOD Algorithm Sliding Wall Method 
Designed Shear Rate Apparent Shear Rate Viscosity Apparent Shear Rate Viscosity 
0.01 0.01 2.431 0.01 2.427 
0.05 0.048 2.441 0.050 2.401 
0.1 0.097 2.445 0.102 2.435 
0.2 0.189 2.443 0.199 2.424 
0.5 0.489 2.451 0.501 2.412 
1.0 0.985 2.461 1.002 2.413 
2.0 1.982 2.465 2.004 2.414 
Table 2. The viscosities of Newtonian solvent for different shear rates 
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The viscosity values are in good agreement with the predicted value of 2.402, 




















Fig. 12. Shear stresses versus shear rates in Newtonian fluid 
The shear stress versus shear rate data is plotted in Fig. 12, showing an excellent 
agreement between the two non-slip wall models and the predicted results using 
the Eq. (3.15).  
3.5.3 Poiseuille flow with single layer wall 
In this case, the wall is modelled by a single layer of frozen wall particles located 
at α1rc, where α1 = 0.125, outside the simulation domain. A gravity force g = 0.01 
is applied to each fluid particle providing the driving force, e xg=F δ . The velocity, 
temperature and the density as well as the stresses in the Poiseuille flow 
(Reynolds number is about 89.31) are carefully examined.  






⎡ ⎤⎛ ⎞= −⎢ ⎥⎜ ⎟⎝ ⎠⎢ ⎥⎣ ⎦
 (3.24) 
is noted, where Vmax = Vx(0) = 1.756. 
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Velocity profile
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Fig. 13. The fully developed velocity and the Navier-Stoke solution 
temperature and density
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Fig. 14. The temperature and density 
shear stress
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Fig. 15. The shear stress and the analytical solution 
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N1 and N2
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Fig. 16. The first and second normal stress difference 
In Fig. 14, the kinetic temperature is almost uniform across the channel; however 
the density still has some fluctuations near the wall, about 6-8% of the width 
channel, which can be reduced significantly if we impose one more layer. The 
numerical shear stress, in Fig. 15, agrees well with the analytical solution. In Fig. 
16, the first and second normal stress differences are almost equal to zero along 
the z direction, a typical Newtonian behaviour. However, due to the density 
fluctuations near the wall, there are also fluctuations in the first and second normal 
stresses there. The pressure is observed constant along the channel but is not 
inserted into the figures here for the sake of clarity. 
3.5.4 Poiseuille flow with double layer wall 
A further simulation of Poiseuille flow to verify the apparent viscosity of the fluid 
is reported here. In this case, the same geometric channel confined by 2 frozen 
layers  with the same structure as above is used to simulate the Poiseuille flow 
where a gravity force g = 0.01 is applied to each fluid particle providing the 
driving force, e xg=F δ . In Fig. 17, the fully developed velocity profile agrees well 
to the Navier-Stoke solution (3.24) with Vmax = Vx(0) = 1.841. 
Chapter 3: DPD Method 
  65 
Velocity profile
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Fig. 17. The fully developed velocity and the Navier-Stoke solution 
temperature and density
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Fig. 18. The temperature and density 
The density is uniform across the channel and very little fluctuation near the wall 
is observed, say about 1-2% of the channel width in Fig. 18. As the result, the 
distortion of the first and second differences of normal stress near the wall is very 
small, as observed in Fig. 19. Both normal stress differences are almost zero along 
the z direction, suggesting a Newtonian solvent. 
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N1 and N2
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Fig. 19. The normal stress differences 
Shear stress
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Fig. 20. The shear stress and the analytical solution 
In Fig. 20 the shear stress agrees well with analytical solution. Furthermore, the 




zghV ρ μ=  (3.25) 
where μ  is the apparent viscosity of the Newtonian fluid, thus we obtain μ = 
2.445. All of our simulated results are consistent with known analytical solutions. 
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3.5.5 Flow through a contraction and expansion channel 
We simulate the flow through a contraction and diffusion channel as sketched in 




Fig. 21. The geometry of the contraction and diffusion channel 
In this simulation, we set the density of 4.0, g = 0.03, and the apparent viscosity 
calculated in the above Poiseuille flow is 2.44. Thus the Reynolds 
number, Re LVρμ= , of this flow can be calculated as 81.96. It is important to note 
that the Reynolds number is calculated from the resulting flow kinematics and it is 
not the ‘input’ parameters in DPD. It is expected to represent somehow the 
macroscopic characteristics of the flow. The longitudinal velocity distribution at x 
= -40.25 is plotted in Fig. 22 and it agrees very well with solution obtained using 
the FluentTM, a commercial software for CFD, using the same flow parameters. 
This therefore indicates that the DPD method may be a versatile method for 
solving hydrodynamic equations.  
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Velocity profile
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Fig. 22. The longitudinal velocity profile at x = -40.25 
Temperature and Desity Profile
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Fig. 23. Temperature and density profile at x = -40.25 
The temperature and density are almost constant along the z direction except very 
near the wall as shown in Fig. 23. 
3.6 Concluding remarks 
In this chapter, the DPD method developed for simulating fluids at mesoscale is 
presented in detail. The modified velocity-Verlet algorithm [Groot and Warren 
(1997)] is an effective and stable integrator and chosen for implementing in our 
programme. Furthermore, the boundary conditions are discussed for both the 
periodic boundary condition and the model of a physical wall. In particular, the 
SLLOD algorithm is presented and applied to model the Couette flow. The 
SLLOD algorithm shows some advantages in modelling the Couette flow in 
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planar channel because of its easy implementation, no-slip velocity and quite little 
density fluctuation. Therefore, the computational domain should be increased to 
decrease the effect of density fluctuation at boundary. Furthermore, the SLLOD 
algorithm should be embedded into the velocity-Verlet algorithm. This can lead to 
adverse stability behaviour. From our experience, for high shear rates and 
suspension systems, we need to reduce the time step to assure the stability and the 
convergence of the algorithm. Consequently, the performance of the algorithm 
will be limited. We therefore developed the double layer wall model which 
minimizes the density fluctuation near the wall and still ensures a no-slip 
boundary. Consequently, the simulation results were not much influenced by the 
wall-effect. This wall model is implemented for both simple and complex 
geometry flows and the density distortion almost disappears at the wall. The DPD 
method is implemented for both serial and parallel programme. The measurement 
of rheological properties in DPD is proposed and applied to measure the 
rheological properties of macroscopic flows. The DPD method was employed to 
simulate the Couette and Poiseuille flows and the results are in excellent 
agreement with analytical solutions. A contraction-expansion flow was further 
simulated and results agree well with commercial software, Fluent™. Couette 
flow results will be applied to investigate the rheological properties of the 
viscoelastic fluids and fibre suspensions in a Newtonian fluid and in viscoelastic 
fluids in chapter 5. 
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Chapter 4: 
Models in DPD and a model prediction for 
fibre suspensions 
4.1 A model of fibre in DPD 
Some achievements for simulating solid particles in DPD have been reported in 
Koelman and Hoogerbrugge (1993), Boek et al. (1996, 1997), and Martys and 
Mountain (1999). Generally a rigid body in DPD is approximately modelled by a 
set of ‘frozen’ particles [Koelman and Hoogerbrugge (1993); Boek et al. (1996, 
1997)], where the particles are fixed in positions. However, in this method a ‘free’ 
particle may penetrate into the rigid surface because of the typical soft repulsive 
force in DPD [Hoogerbrugge and Koelman (1992); Groot and Warren (1997)]. 
Therefore, several layers of frozen particles are used to represent a rigid surface 
[Revenga et al. (1998, 1999); Duong-Hong et al. (2004)]. Those techniques may 
be suitable for modelling the static rigid surface rather than dynamic systems of a 
large number of particles because of prohibitive computational cost. In fact, 
simulating the motion of an arbitrary-shape rigid object in a general flow is still a 
challenging problem itself. Recently, developed from the frozen particle idea, 
Martys and Mountain (1999) have solved the orientation of such objects by using 
the quaternion equations of motion. They then adopted the Omelyan’s scheme 
(1998) to translate the quaternion components into three translational degrees of 
freedom to perform a consistent velocity-Verlet algorithm. As discussed above, 
due to the complicated treatment of a rigid surface, this method is quite expensive 
especially for simulating a large number of suspended particles. Yamamoto and 
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Matsuoka (1993) suggested other methods for simulations of rigid and flexible 
fibres in Newtonian dilute suspensions. The fibre is modelled as a series aligned 
spheres that are bonded to each other. The bond between spheres is allowed to 
stretch, bend and twist by changing the bond distance, and the bending and 
twisting angles between spheres. The strength, bending and torsional stiffness of 
fibre are then defined through the stretching, bending and twisting constants. In 
their subsequent work, Yamamoto and Matsuoka (1994) considered the 
hydrodynamic interaction among fibres to simulate concentrated fibre suspensions 
in shear flows. It is important to note that all variances of DPD particles are 
calculated in absolute axes and that the inter-particle forces are exerted along the 
particle-particle axis. Therefore, it may be expensive computation only to apply 
this method in simulations of suspensions, because of the complex updating 
scheme, where we need to alternate between the relative axes and absolute axes in 
every time step for all the components (velocities and accelerations).  
As an attempt to simulate fibre suspensions, we present here an effective model 
for short-fibres in a DPD fluid, which is based on the method of Lagrange 
multiplier [Rapaport (1995)].  
 
Fig. 24. The osculating multi-bead rod model 
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The fibre is modelled by the osculating multi-bead rod as depicted in  Fig. 23, 
where p is the unit vector along the axis of fibre. Owing to the ‘soft’ character of 
repulsive forces in DPD, the distance between the adjacent beads is chosen to be 
small to prevent other particles from passing through. However, the number of 
beads represented by a fibre should be as small as possible to reduce the 
computational cost. Furthermore, short-range interaction force between fibres is 
incorporated into simulations to prevent the fibres from crossing each other.  
In this model, the “degree of rigidity” of a fibre is defined by the relative distances 
between particles in a fibre system, 
 
2 2 ,i j ijd− =r r  (4.1) 
where dBijB is the original distance between particle i and j.  
Note that using triangulation, angle constraints can be substituted for distance 
constraints. If there are a total of n BcB distance constraints imposed on a fibre, and if 
the kPth P constraint acts between particle i(k) and j(k), then the constraint equations 
are of the form: 
 2 2( ) ( ) ( ) ( ) 0, 1,..., .i i k j k i k j k cd k nχ ≡ − = =r  (4.2) 
The effect of the constraints on particle i can be regarded as the additional force-
like term, G Bi B, then the equation of motion, Eq. (3.1), becomes 
 ,i i i= +r F G  (4.3) 
where FBi B is the usual force term including all (non-constraints) forces and the 
additional constraint force on the i-th bead is written as 
 
( )




= − ∇∑G  (4.4) 
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Here C(i) denotes the set of constraints that directly involve particle i and the 
{ }kξ are the Lagrange multipliers introduced into the problem. There are two 
approaches [Rapaport (1995)] to solve the constraint problem. The direct method 
involves forming a matrix and solving for the Lagrange multipliers, and then 
applying their values into the equation of motion (4.3). As we are modelling only 
short fibres, the number of constraints involved is quite small. Therefore, the 
resulting linear problem can be effectively solved by using the simple LU 
decomposition technique [Strang (2003)]. In the second and alternative approach, 
the unconstrained equations of motion, Eq. (3.1), are first computed by ignoring 
the constraints force GBi B. The constrained coordinates are then adjusted to satisfy 
the constraints in next time step. This adjustment is carried out by an iterative 
relaxation procedure [Rapaport (1995)] that modifies each pair of constrained 
coordinates in turn until all the constraints satisfy 2 2 2ij ij r ijd dε− ≤r , where rε  is a 
real number representing the specified tolerance. The tolerance rε can represent 
the flexibility of fibre, for instant a small value of rε  is used to model rigid fibres 
but a larger value can be used for the case of flexible fibres. The case for flexible 
fibres is outside the scope of our topic. 
Care must also be taken in calculating the interactions between the particle beads 
of the fibres and solvent particles as well as between fibre beads themselves in the 
case of non-dilute suspensions. Since DPD method is a mesoscopic simulation 
technique, the interaction forces are neither the atomic forces in Molecular 
Dynamics [Rapaport (1995)], nor the forces in the macroscopic point of view. 
However, they may be determined to yield the correct the macroscopic 
hydrodynamic drag forces. 
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The problem of a single cylindrical rod (modelled as a prolate spheroid) moving 
with velocity U in a sea of Newtonian fluid is well known and the analytical 
solutions for the drag force coefficients are available in [Phan-Thien and Kim 
(1994)]. In particular, the relationship between the force F and the translation 
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 (4.5) 
where a, b, and c are radii of the prolate object/spheroid as in the three principal 
axes, µ is viscosity of solvent, and v  is a Poisson constant, and for the prolate 
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 (4.6) 
For the case of a rod being aligned along the flow direction and moving with 
velocity ( ,0,0)xU=U , the drag force coefficient is given by 
 // 2
0






π ν μζ ν χ α
−= = − − +  (4.7) 
With the Poisson constant v  = 0.5, and applying for the rod: aBRB = r = a/c = l/d, d = 
2b = 2c and l = 2a, we obtain: 
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When the rod is moving transverse to the flow, the drag force coefficient in this 
case, ζ⊥ , follows [Bird et al. (1987a)]: 
 ζ⊥ = //2ζ . (4.9) 
The single-rod problem is customarily used to find the mesoscopic parameters. In 
this problem, the fibre of interest is subject to uniform channel flow of a solvent 
confined between 2 walls. The walls are moved with the velocity UBwall B in the x 
direction to generate the uniform flow of the solvent in that direction. Both cases 
of a fibre aligned with and transverse to the flow are numerically simulated by the 
DPD model to determine the drag forces xF  involved and their corresponding 





ζ = . (4.10) 
The fibre parameters are chosen methodically so that the DPD-simulated drag 
force coefficients match the theoretical values given by Eqs. (4.8 - 4.10). 
We applied the above procedure to find the parameters of the fibre, whose aspect 
ratio is 7.63. The fibre is formed by 14 beads and the bond-length between 
adjacent beads is chosen to be 0.2. It is important to note that the bigger the 
number of beads used to form a fibre, the longer the time for computing the 
constraints will be. However, we should not choose the bond-length too large to 
prevent two fibres from passing through each other unexpectedly. Based on Groot 
and Warren (1997), the maximum repulsion between fibres and solvent particles 
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can be assumed to be 2.15 for the case where the suspending media is a good 
solvent. This parameter is validated by studying the velocity profile around the 
fibre rod in the above two-dimensional channel flow problems. 
The last parameter needed to be determined is the noise amplitude coefficient 
between fibres and solvent particles, the so-called σBRFB (see Eq. (3.5)). This 
parameter is varied in a series of simulations: when the rod is parallel to the flow, 
//










=  are calculated. The proper value for σBRFB is found when the 
conditions of 1 1ψ =  and 2 2ψ = are satisfied. 
 
Fig. 25. The relative drag coefficients versus relative σ BRFB /σBF B  
 Fig. 24 shows how the ratios ψB1 B and ψ B2B changes with σ BRFB; note that the σ BF B is the 
solvent-solvent noise amplitude and fixed at the value of 3.0 suggested by Groot 
and Warren (1997). The best choice for σ BRFB can then be determined by finding the 
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crossing point between the curves of ψ B2B and 2ψB1 B. The intersection point is at 
σ BRF/σFB ≅ 0.7. Since DPD parameters are measured in a statistical manner, an exact 
value is not expected. The best value for σBRFB we can find is 2.15 by carrying out 
some more simulations in the vicinity of the intersection point. Those parameters 
are applied for all our simulations. It is important to note that even those 
parameters are found by a single rod problem, they are still reasonable to be 
applied for N-fibre systems since we assume that the fibres are always surrounded 
by the fluid (diluted solution). In highly concentrated fibre suspensions [Ausias et 
al. (2006)], fibre-to-fibre contact may occur. This is beyond the scope of our 
study. In fact, they are rarely observed in our simulations hence the contact force 
is not considered in all our simulations.  
In general, numerical simulations of a non-dilute fibre suspension are reliable only 
if fibre-fibre interactions are properly taken into account. The fibre-fibre 
interactions can be classified into two types: short-range and long-range 
interactions. The short range is considered when fibres come into near contact 
with each other. In our simulations, apart from the three inter-particle forces 
typically defined in DPD, which can be considered to be long-range interaction, 
short-range interaction between fibre particles may be handled by the method 
described by Yamane et al. (1995). In Yamane et al.’s treatment, lubrication 
forces between two beads of different fibres are calculated only if the distance 
between them is below a critical value, say 10% of the fibre diameter. Short-range 
interaction can significantly affect the orbit of an individual fibre when this fibre 
is in near contact with others. However, it rarely happens even for semi-
concentrated fibre suspensions [Yamane et al. (1995)]. Several simulations for 
different concentrated fibre suspensions in a Newtonian fluid are carried out and 
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the results are validated with experimental data. The DPD fibre parameters are 
further exploited for the simulations of fibre suspensions in viscoelastic fluids, and 
the results are compared with other experimental data in Chapter 5. 
4.2 VNADPD for modelling viscoelastic fluids 
A polymeric solution in DPD is directly modelled by suspending polymeric chains 
in a Newtonian fluid [Chen et al. (2004); Fan et al. (2002); Kong et al. (1997b)]. 
The chain is created by a series of DPD particles connected one to another by a 
‘virtual’ string that is usually represented by a finite-extensible non-linear elastic 
(FENE) or wormlike models [Fan et al. (2002)]. This approach has been applied 
to the simulation of a macromolecule chain in a micro channel flow [Fan et al. 
(2002)] and a drop containing polymer chains in a contraction flow [Chen et al. 
(2004)]. However, it is limited to dilute polymer solution simulation and to a 
relatively small number of chains. Based on a network model, inspired by 
Yamamoto (1956, 1957, 1958) and theoretical contributions of Palierne1, the 
Versatile Network Approach of DPD (VNADPD) [Duong-Hong et al. (2004b); 
Chaidron et al. (2004a)] is further developed and reproduced here with a specific 
focus on modelling polymeric liquids. 
In the VNADPD, some of the particles are allowed to interact in a particular way, 
different from the aforementioned interaction forces, with a finite number of 
neighbouring particles. This new interaction, which is termed a link, is actually an 
interaction between two solvent particles. The interaction force between linked 
solvent particles is represented by a different type of interaction force and in 
particular viscoelastic forces. The new interaction force term, FPL P, is included in fBij 
B(see Eq. (3.1)). Particles are then linked one to other neighbouring particles, thus 
                                                 
1 http://xxx.lanl.gov/abs/cond-mat/0007368 (Editor) 
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creating a network of particles that can change over time under the influence of 
flow or deformation. 
 
Fig. 26. A network of particles containing particular particles (black round) at two different 
times, each particle can have a maximum of three links. 
Links can be created and destroyed in flow. In other words, these events are 
governed by the notions of distance and residence time - or other external events 
such as mechanical actions. These specific interactions or links are governed by a 
few rules that can be independently adjusted depending on the simulated material. 
These rules are the following: 
Linkability: 
- A single link can exist between two linkable particles; 
- Each linkable particle is able to create a finite and fixed number of links (nBL B = 1, 
2, ..., 12).  
Link creation and destruction: 
- The creation and destruction of links between two particles (i,j) is dependent on 
spatial and temporal rules. 
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- As for the classical interaction forces, the link can only be created if the two 
particles are sufficiently close. This distance can be referred as the critical link 
radius rBL B. 
- Time dependency may be included in the creation process. That is to say, if two 
particles that are sufficiently close to each other (|r BijB| < rBL B) over a critical time 
period, TBC B, then and only then can a link be established. This time dependency 
creates a flow dependent material with properties that will change depending on 
the local flow or deformation conditions. If TBC B = 0, the link is immediately created 
when 2 linkable particles approach to within the critical link radius rBL B. This is due 
to the fact that entanglement is created immediately when polymer chains are 
crossing one to another, and here we are trying to model polymeric liquids where 
the number of links can be represented by the degree of entanglement among 
polymer chains. 
- As for the destruction of a link, if linked particles are separated by more than a 
critical distance, rBDB, the link is deemed to be broken. 
The above rules create a network of linked particles within the liquid that can 
change with the flow or deformation of the liquid and thus plainly justify the 
Versatile Network appellation. The microstructure of VNADPD at two different 
times is changed and illustrated at  Fig. 25. 
In previous works [Duong-Hong et al. (2004b); Chaidron et al. (2004a)], we were 
successful in using VNADPD fluid to simulate Non-Newtonian fluids in Couette 
and Poiseuille flows. In the latter case, the deformation is expected to be constant 
all along the tube. A standard DPD fluid will have a parabolic velocity profile as 
in section 3.5.3, such as that for a Newtonian fluid [Duong-Hong et al. (2004a)]. 
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However, with the VNADPD fluid, a flattened velocity profile was obtained, as 
one would expect for a viscoplastic or shear-thinning fluid (like polymer melts for 
examples) [Bird et al. (1987b)]. The VNADPD model is used in Chapter 5 below 
to simulate fibre suspensions in polymeric liquids undergoing Couette-type flow. 
4.3 A prediction model 
Non-dilute fibre suspensions are commonly found in the commercial short-fibre 
reinforced composites. The interaction between fibres is believed to strongly 
affect the orientation of the fibres and this effect deserves to be carefully 
examined. The fibre-fibre interaction has been intensively studied both 
experimentally and theoretically [Folgar and Tucker (1984); Dinh and Armstrong 
(1984); Doi and Edwards (1989); Yamane et al. (1994)]. Folgar and Tucker 
(1984) added a diffusion term to Jeffery’s equation to model fibre-fibre 
interaction. They assumed that the diffusivity of the fibre orientation has the form 
iC γ , where CBi B is a constant called the interaction coefficient and γ  is the 
generalized strain rate. The constant CBi B for a given suspension is assumed to be 
isotropic and independent of the orientation state as a first approximation. 
However, Fan et al. (1998) assumed an anisotropic form of fibre diffusion, 
 ,r γ=D C   (4.11) 
where C is a symmetrical tensor of second order. From Langevin’s equation, 
which describes the motion of a fibre subject to hydrodynamic and random forces 
in a suspension, Phan-Thien et al. (2002b) derived the following equations to 
determine the components of C:  
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with T= ∇ +∇γ u u , T= ∇ −∇W u u  and pp  and pppp are the second- and fourth-
order structure tensors respectively. We note that the Folgar-Tucker model is 
recovered if C becomes an isotropic tensor. Consequently, they suggested that the 
Folgar-Tucker constant can be determined by 
 13iC tr= C . (4.13) 
An empirical equation for calculating the Folgar-Tucker constant for fibre 
suspension in a Newtonian fluid was finally suggested by Phan-Thien et al. 
(2002b): 
 ( )1.0 exp ,i RC A Ba φ= − −⎡ ⎤⎣ ⎦  (4.14) 
where A = 0.03, and B = 0.224 – they are found by fitting simulated data of fibre 
suspensions in a Newtonian fluid undergoing shear flow. For viscoelastic fibre 
suspensions, shear thinning is usually observed, which suggests that CBi B may not be 
independent of shear rate. This may not be surprising given that the arrangement 
of fibres in flows may have an effect on the interaction among fibres. Hence, it is 
believed that the interaction coefficient should be affected by at least 3 
parameters: fibre aspect ratio, Ra , fibre volume fraction, φ, and orientation of 
fibres itself [Ranganathan  and Advani (1991a, b)].  
Ramazani et al. (2001) has proposed a parameter CBi B that is dependent on fibre 
aspect ratio Ra , fibre concentration φ, orientation of fibres as represented by an 
invariant determinant of tensor pp , denoted det(pp), and lastly the 
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conformation tensor of the matrix. It is possible to use only fibre orientation in the 
calculation for CBi B rather than apply both matrix conformation and fibre orientation 
parameters. Furthermore, the value of CBi B should decrease proportionally with the 
degree of fibre alignment [Advani and Tucker (1987, 1990)] relatively, 
represented here by the invariant det(pp), and may increase monotonically with 
Ra φ  [Phan-Thien et al. (2002b)]. In our simulations, the CBi B can be calculated from 
Eq. (4.12) and (4.13). The fourth-order tensor pppp , in Eq. (4.12) is related to 
the second-order orientation tensor pp  through closure approximations and the 
appropriate closure model has to be chosen. There are several suggestions for 
different systems (see section 2.1.4) that are reported and compared in a 
comprehensive study by Advani and Tucker III (1990). In general, for a system of 
fully-aligned fibres, the quadratic approximation performs well, while for a 
randomly-oriented fibre system the linear approximation should be the best 
choice. However, our simulations are carried out for different shear rates that 
result in distributed fibre orientations ranging from the nearly random to the 
almost aligned. Under this condition, the fourth-order moment tensor may be 
determined from the second-order orientation tensor using the Hinch and Leal’s 
closure approximation (Eq. (2.18)) [Advani and Tucker III (1990)]. 
We found that the following empirical equation matches well with the simulated 
data: 
 ( ) ( )1.0 exp exp det( ) .i RC A Ba Dφ= − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦pp  (4.15) 
The parameters A and B can be determined by the same method proposed by 
Phan-Thien et al. (2002b) by fitting with the simulated results at the highest 
possible shear rate, since at this condition the fibres are nearly fully aligned 
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(det(pp) approaches 0), it follows that (4.15) is independent of D. These 
parameters are finally found by least square fitting to be A = 0.03, B = 0.224, and 
D = 77.924. 
The contribution of fibres to the extra stress tensor can be written in the following 
form, [Fan et al. (2000)]: 
 ( )( ) : 2 ,ij s rf F GDτ η φ= +γ pppp pp  (4.16)  
 ( )( ) ( )
2 2
2
2 / 3( ) , , and ,
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where T= ∇ + Δγ v v is the rate of deformation, "  denotes the ensemble average 
over fibre orientation space, and the diffusion coefficient, DBr B = iC γ , where CBi B is 
given by Eq. (4.15). The parameter mφ  is the maximum allowable volume fraction 
of suspension: 
        φBmB = 0.53 – 0.013aBRB,    5 < aBRB  < 30 (the fibre aspect ratio),  (4.17) 
and sη  is the viscosity of solvent. 
4.4 Summary for chapter 4 
In this chapter we have presented the models of DPD for fibre suspensions in 
Newtonian and non-Newtonian fluids. The DPD simulation is methodologically 
studied for specific problems of fibre suspensions. Particularly the fibre-solvent 
and fibre-fibre interactions are carefully considered and both incorporated in the 
simulations. Apart from the novel fibre model that is suggested, a robust 
VNADPD is proposed for effectively modelling non-Newtonian fluids, and in 
particular to simulate the polymeric fluids. Last but not least a new version of 
Folgar-Tucker constant is proposed to cope with the characteristics of viscoelastic 
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fluids in fibre suspensions, and a prediction model is suggested to enhance the 
ability for the qualitative prediction of rheological properties of fibre suspensions 
in both Newtonian and non-Newtonian fluids. These models have been 
successfully implemented in FORTRAN language and the results will be 
presented in next chapter. 
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Chapter 5:  
Fibre suspensions in Newtonian and 
viscoelastic fluids 
5.1 Fibre suspensions in a Newtonian fluid 
A Newtonian fluid can be modelled by free particles in the original DPD method, 
where the parameters are suggested by Groot and Warren (1997). This fluid is 
well examined in Chapter 3 for both Poiseuille and Couette flows in a channel 
confined by two rigid walls in the z-direction and applied periodic boundary 
conditions in the x- and y-directions. The Couette flow that is modelled in this 
chapter uses the same method as in Chapter 3 for all the simulations. The 2%, 5% 
and 8% volume fractions correspond to 1877, 4693 and 7509 fibres, respectively, 
suspended into a channel of size 60x20x30. The fibre aspect ratio is 7.63 and the 
density of the Newtonian fluid is set at 4.  
 
Fig. 27. A comparison of the relative viscosity versus volume fraction between the simulation results 
with experimental results of Ganani  and Powell (1986), and with the Dinh and Amstrong’s model 
(1984) as well as our suggested model Eqs. (4.15) and (4.16) 
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The rheological properties are measured after the equilibrium state has been 
reached. The process requires several tens of thousands of time steps. The relative 
viscosity defined as /r sη η η= (ratio of the suspension viscosity to the solvent 
viscosity) is investigated for a Couette flow at a shear rate of 1.0 and the results 
are plotted in Fig. 27 together with experimental data of Ganani and Powell 
(1986) (line and solid-round symbol) and results from Dinh and Armstrong’s 
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. (5.1) 
Note that the experiments used milled glass fibres with a broad spectrum of 
lengths, where the average aspect ratio is of 7.63. The same aspect ratio value is 
used in both calculations for Eqs. (4.15), (4.16) and Eq. (5.1). In Fig. 27, we find 
that the simulation results fit the experimental data well. They also compare 
reasonably well with Dinh and Armstrong’s model as well as our model calculated 
by Eqs. (4.15), (4.16). The parameters in Eq. (4.15), i.e. A, B and D, are 
determined by DPD simulations. However, in our simulations the solutions of Eq. 
(4.12) can fluctuate quite a lot, which has similarly been observed by Phan-Thien 
et al. (2002b). These fluctuations may contribute to the discrepancy between our 
simulation and model results. Moreover, the discrepancy between the 
experimental data and the others may be due to the effects of fibre polydispersity 
in the experiments. Besides, it is important to note that Dinh and Armstrong’s 
model used a perfectly aligned steady-state flow, but this condition is seldom 
obtained in experiments and simulations. Therefore Dinh and Armstrong’s model 
may underestimate short-fibre suspension viscosity.  
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5.2 Viscoelastic fluids with VNADPD 
In the Versatile Network Approach of Dissipative Particle Dynamics (VNADPD) 
model, the linking/interaction force between linked particles is modelled by a 
modified Finite Extendable Non-linear Elastic (FENE) spring force as given 
below, 















where H is the spring constant, and mr  is the ideal maximum length of one 
segment. To avoid an unbounded spring force when rij/rm approaching unity, we 
fix 0.9 .D mr r=  The parameters of VNADPD are the following: the spring constant 
H is 10 and a link is assumed to be established between two particles when their 
centres are separated by less than the distance of 0.2 .L Cr r=  The 3D-channel size 
of 60x20x30 in x, y, and z directions is used for all simulations and the shear flows 
are simulated by the same method as previous cases for investigating the 
rheological properties of different VNADPD fluids. 
Two different VNADPD fluids, termed fluid I and fluid II, with the maximum 
number of links parameter set at nL = 4 and 3, respectively, are simulated under 
Couette flow conditions. The shear rate dependent viscosity is plotted in Fig. 28 
(solid symbol), as well as the Carreau’s model (line and open symbol) [Bird et al. 
(1987a)]: 
 ( )0 (1 ) / 22 21 n






where γ  is the shear rate, and η∞ is the infinite-shear-rate viscosity.  
Chapter 5: Fibre suspensions in Newtonian and viscoelastic fluids 
  89 
At very large shear rates, all the links will be broken and the fluid will behave as a 
Newtonian fluid. Thus, η∞ can take the value of 2.44 which is found in section 
3.3.4 for a DPD Newtonian fluid. The zero-shear-rate viscosity η0 is obtained 
from the DPD simulation at the lowest shear rate. 
 
Fig. 28. Shear rate dependent viscosity for fluid I and II 
Shearing-thinning behaviour is clearly observed for both simulated VNADPD 
fluids I and II in Fig. 28, with matching Carreau’s indices of 0.15 and 0.35 
respectively. It is important to note that all the results are presented in 
dimensionless DPD units and the unit scaling is described in Appendix B. Those 
fluids will be used as viscoelastic media in which some fibres are suspended in 
next section. 
5.3 Fibre suspensions in viscoelastic fluids 
Short fibres of aspect ratio of 9.2 are modelled here by the osculating DPD 
particles suspended in a VNADPD fluid. Simulations are carried out for different 
fibre concentrations and shear rates to determine the suspension viscosities, the 
first and second normal stress differences, as well as the orientation of fibres.  
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Interactions between fibre particles and VNADPD solvent particles are modelled 
by the typical conservative, dissipative and random forces. However, the 
magnitudes of these forces have to be carefully considered for each VNADPD 
fluid. This is because the maximum number of links strongly affects the 
viscoelastic properties of the modelled solvent. This can clearly be seen in the 
results of Fig. 28, and the solvent viscoelastic properties in turn affect the 
orientation of fibres in suspensions. The interaction is stronger between solvent 
particle and fibre particle if the VNADPD particles have more links with other 
VNADPD particles. We again investigate two different VNADPD fluids, fluid I 
and fluid II with nL = 4 and nL = 3 respectively. 
5.3.1 Fibre suspensions in viscoelastic fluid I 
A concentrated suspension of fibres in fluid I is simulated and investigated under 
Couette flow conditions. A total 3892 fibres, corresponding to a volume fraction 
of 5%, are suspended in the channel described above. The shear rate dependent 
viscosity of the suspension and the solvent are plotted in Fig. 29 as well as the 
model prediction data computed by Eq. (4.16). Fig. 29 shows that addition of 
fibres increases the viscosity, and the numerical data is well predicted by the 
model.  
The shear rate dependent Folgar-Tucker constant, Ci, is also calculated and plotted 
in Fig. 30 together with the values of det(pp). 
The results show that Ci decreases with the shear rate – this is because at high 
shear rate fibres are more aligned along the flow direction, thus reducing the fibre-
to-fibre interaction. The shear rate dependent alignment of fibres along the flow 
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direction can be clearly observed via the configuration-dependent functions in Fig. 
33. 
  
Fig. 29. Shear rate dependent viscosity of fibre suspensions in fluid I. 
Shear rate







Fig. 30. Ci and Det(pp) depend on shear rate 
The first and second normal stress differences are plotted in Fig. 31 and Fig. 32 
respectively. Fibres increase both first and second normal stress differences, 
especially at low shear rates. The first normal stress difference, N1, is augmented 
at low shear rates and gradually approaches the first normal stress difference of 
the solvent at sufficiently high shear rates in good agreement with several other 
authors [Zirnsak et al. (1994); Azaiez (1996); Ramazani et al. (2001)]. The second 
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normal stress difference, denoted N2, is always negative and it’s magnitude is 
much lower than that of the first normal stress difference at sufficiently high shear 
rates. The result is not very clear at low shear rates, however, which may be due to 
large fluctuations of data and the limit of the statistical procedure at small 
sampling values.                                                                                                                                  
 
Fig. 31. The first normal stress difference of fibre suspensions in fluid I 
 
Fig. 32. Minus second normal stress difference of fibre suspensions in fluid I 
The orientation of fibres is investigated at steady state through the configuration-
dependent functions [Fan et al. (1998)]: 
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where ζ(t) and ξ(t) describe the instantaneous state of the fibre orientation. The 
interpretation of these functions is as follows: if values of these functions are 
equal to 0.5, the fibres are randomly oriented. If ζ(t) = 1.0, ξ(t) = 0, the fibres are 
fully aligned along the shear direction, and if ζ(t) = 0 and ξ(t) = 1.0, the fibres are 
fully aligned along the axis of vorticity.  
The values of ζ, ξ and θ for the suspensions of 5% fibres in fluid I (solid symbol) 
and fluid II (opened symbol) are averaged over 80 time units at steady state and 
plotted in Fig. 33 as a function of shear rate. In the light of the above 
interpretation, it is obvious that the fibres are more aligned with the flow direction 
at high shear rate regardless of the different solvents. However, at low shear rates 
the degree of fibre alignment is different for fluid I and fluid II. The link 
parameter, Ln , may be thought of a main reason since it may be regarded as a 
degree of entanglement. The linked solvent particles constitute a set of junctions 
in the network matrix that is typically aligned with the flow direction [Bird et al. 
(1987b)]. Therefore increasing the number of links may result in greater degree of 
fibre alignment in the flow direction. In other words, fibres tend to be more 
aligned with the flow direction if the solvent is more elastic. This is strongly 
supported by previous research [Joseph and Liu (1993); Iso et al. (1996a, 1996b)]. 
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Fig. 33. The orientation of fibres suspended in fluid I and II 
5.3.2 Fibre suspensions in viscoelastic fluid II 
The effect of different concentrations o0f fibre suspensions is then investigated by 
simulating Couette flows of 1556, 3892 and 6227 suspended fibres in fluid II, 
corresponding to 2%, 5%, and 8% volume fractions respectively. The values of 
det(pp) and Ci for different volume fractions are calculated at steady state by Eq. 
(4.15) and plotted in Fig. 34. 
 
Fig. 34. The Ci depends on shear rate and volume fraction 
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It can be observed in Fig. 34 that Ci increases with the concentration; apparently 
the higher concentration induces more interaction between the fibres.  
The shear rate dependent viscosity of solvent and fibre suspensions at different 
volume fractions are plotted in Fig. 35 and the first and second normal stress 
differences are plotted in Fig. 36 and Fig. 37 respectively. The trends of their 
behaviours seem to be in good agreement with experimental data of Ramazani et 
al. (2001) which are reproduced in the inset of Fig. 35 and Fig. 36. The fibre 
aspect ratio in our simulations are chosen to be the same as that used in 
Ramazani’s experiments [Ramazani et al. (2001)], in which  E-class fibres 
(average aspect ratio of 9.2) were suspended in a viscoelastic fluid that consisted 
of a solution of 2 wt.% polyacrylamide AP-30, in a 50/50 mixture of water and 
glycerol. The increase in the viscosity and the first normal stress difference are 
clearly observed with increasing the fibre concentration, especially at low shear 
rates; however at high shear rate these suspensions values approach to that of the 
solvent. This is because at the high shear rates the rheology is dominated by the 
solvent rather than by the fibres. It is widely supported by many authors [Chan et 
al. (1978); Ganani and Powell (1986); Zirnsak et al. (1994); Azaiez (1996)]. 
The first normal stress difference is positive and increases nearly in log-scale with 
shear rates, in agreement with Ramazani et al. (2001) and Zirnsak et al. (1994). 
Particularly, at low shear rates the slope of N1 versus shear rate is about unity on 
the logarithmic coordinate, which is also measured by other experiments [Zirnsak 
et al. (1994)]. In contrast, the second normal stress difference is negative and is 
much less than the first normal stress difference in magnitude, the negative of the 
second normal stress difference is plotted in Fig. 37. The ratio –N2/N1 is about 
0.09 at the shear thinning region - this is very close to the value reported for 
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unfilled polymer fluids, of about 0.1 [Ramazani et al. (2001)]. However, at low 
shear rate this ratio is about 0.3, but there is no available data for us to compare 
the results with. On the whole, we note that the numerical model has performed 
very well in predicting the viscosity, and first and second normal stress 
differences for short-fibre suspension in polymeric fluids, at different 
concentrations, and over the entire range of shear rates.  
 
 
Fig. 35. Shear rate dependent viscosities of fibre suspensions in fluid II 
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Fig. 36. First normal stress difference of fibre suspensions in fluid II 
 
Fig. 37. Minus second normal stress difference of fibre suspensions in fluid II. 
The relative viscosity is computed for different volume fractions at the same shear 
rate of 0.05 and displayed in Fig. 38. The DPD simulation results show that rη  
increases non-linearly with fibre concentration and is in good agreement with our 
proposed model in section 4.3.  
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Fig. 38. Relative viscosities depend on volume fraction (fibre suspensions in fluid II) 
5.4 Concluding remarks 
In this chapter, a number of simulations for viscoelastic fluids and fibre 
suspensions in Newtonian and viscoelastic fluids are carried out using our DPD 
models. Viscoelastic fluids are modelled here by the VNADPD fluid model. 
Simulations are carried out for Couette-type shear flows. Our suggested 
modification of Phan-Thien et al.‘s formula for the interaction coefficient Ci 
seems to work well. The value of Ci from DPD simulations varies from 0.06 for 
nearly random distribution of the fibres to 0.004 for fibres fully aligned with the 
flow, in the range suggested by Advani and Tucker III (1990). Finally, a 
prediction model for rheological properties incorporating the new Ci calculation is 
suggested and it is then used to compare with the numerical data. The model 
predicts the DPD simulated data well, for various volume fractions (from semi-
dilute 2% to highly concentrated suspension 8%), and for a whole range of shear 
rates. 
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Chapter 6:  
Other applications 
6.1 Neutro-probe entering brain tissue 
6.1.1 Introduction 
Micro-scale (MEMS) neuroprobes are currently under development to possibly 
achieve two goals. The first one concerns acute stimulations and recordings in the 
central nervous system. The second one concerns surgical interventions for 
diagnosis and treatment of nervous system disorders. In the latter case, the probe 
has to reach the precisely localized region which is targeted. An automated force 
control could thus be needed. In this work, we aim to efficiently simulate the 
penetration of a microscopic neuroprobe into brain tissues. 
The mechanical properties of brain and brain tissues have been studied intensively 
for over 60 years. However, even if the macroscopic mechanical properties of 
brain tissues are widely documented, they are usually considered as homogeneous 
viscoelastic materials. Some authors have even suggested, with experimental 
evidence, that brain tissues exert an apparent yield stress [Nigen et al. (2004)]. In 
our problem, this macroscopic mechanical behaviour is not adequate since the size 
of the neuroprobe is microscopic. In that respect, a new numerical approach, the 
Versatile Network Approach of Dissipative Particle Dynamics (VNADPD) 
method has been extended to simulate soft tissues (brain, liver, kidney, etc.) 
[Chaidron and Duong-Hong (2003); Duong-Hong et al. (2004b)]. The VNADPD 
parameters are determined from a limited number of rheometrical measurements. 
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Then it is used to simulate the penetration of a microprobe in the model brain 
fluid, and its behaviour is analyzed in terms of velocity and stress fields. 
6.1.2 Experiments 
In the first stage of this project, we want to study and visualize the behaviour of a 
neuroprobe (Fig. 39) penetrating a soft solid that can mimic the macroscopic 
rheological properties of brain tissue. As jelly is transparent and its rheological 
properties matches that of brain tissue, it seems to be a reasonable candidate, even 
if its microscopic structure is less complex than those found in brain tissue. 
 
 
Fig. 39.  A neuroprobe and a Singapore dollar. 
Subsequently, an experimental set up is built to accurately control the micro 
displacement of the neuroprobe into the jelly. The entire process is visualized by 
video microscopy and shows that the probe is not deformed during the insertion 
[Sim (2004)]. Hence, we assume that the probe behaves like a rigid body in those 
experiments so that we can model it as a rigid wall in our simulations. Results of 
the simulations will be shown in the next section. 
To characterize the brain tissue (pig brain tissue), oscillatory shear experiments 
are carried out to determine its complex viscosity and the results are shown in Fig. 
40. As a first approximation, the Cox-Merz rule [Cox and Merz (1958)] can be 
applied to interpret the results as shear rate dependent viscosity. 
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6.1.3 Simulations 
A VNADPD model for the porcine brain is defined by a maximum of 6 links per 
particle, with a creation time TC  equals to 10 computing time steps. 
 
Fig. 40. Comparison of Viscosity dependence with shear rate for a pig brain and the VNADPD 
virtual fluid. The VNADPD particles can have a maximum of 6 links and the FENE 
spring force H is equal to 20. 
The parameters of our model are firstly investigated to meet the rheological 
properties of the pig brain tissues. A series of simulations of simple shear flows 
are carried out and the shear rate dependent viscosity is plotted in Fig. 40, as well 
as the brain data. The VNADPD fluid can represent shear thinning materials such 
as the brain tissues. The two curves superimposed well in the range of shear rates 
taken here. 
The probe entering the above fluid is then simulated, and the probe is modelled by 
rigid wall using the wall treatment as defined in section 3.3.2. The rate of 
deformation (calculated from the velocity field) and stress fields (calculated by 
Eq. 3.16) are investigated. The stresses are shown for the cases when the probe 
just stops moving into the fluid (Fig. 41) and a few time steps after (Fig. 42). 
When the probe is moving in the fluid, the shear stresses appear mostly 
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longitudinally along the probe as depicted in Fig. 41. When the probe is stopped, 
the residual stresses are eventually diffused into the fluids, Fig. 42. This is 
evidence of the time dependence of the VNADPD model. 
More importantly, this stress diffusion might be responsible for long distance 
damage observed during insertion of microprobe in real brain tissue [Tatic-Lucic  
et al. (1994)]. 
 
Fig. 41. Shear stress field before probe ceases motion. 
 
Fig. 42. Shear stress field after probe stops 
6.2 Single DNA chains 
6.2.1 Introduction 
Polymer liquids are viscoelastic in nature – their constitutive modelling and flow 
characteristics have been studied intensively over the last decades [Bird et al. 
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(1987a); Doi and Edwards (1989)]. Several theoretical models have been 
developed to cope with their complex micro structures; however, they are difficult 
to track analytically and even numerically. Moreover, there are some 
implementation problems with these models [Walter (2002)] at high enough flow 
rates. Several variants of linear force models (the Hookean dumbbell model, the 
Rouse model, and the Zimm model) to non-linear ones (the finitely extensible 
nonlinear elastic (FENE) dumbbell model, Kramer’s bead-rod model, the worm-
like chain, and the inverse Langevin chain) have been reported [Bird et al. 
(1987a)]. The latter models have several advantages in numerical simulations and 
several results were reported for dilute suspensions [Perkins et al. (1997); Fan et 
al. (2002); Schieber et al. (2003)]. However, it is still very difficult to simulate 
concentrated polymer solutions or polymer melts. In addition, the FENE or 
wormlike models may overstretch in a time step, and produce non-physical 
results. 
Apart from examining the concentration effect on the behaviour of the polymeric 
liquids, there were recent experimental studies of the dynamics of a single long 
polymer chain (DNA molecules) [Smith et al. (1999); Larson et al. (1999)], since 
the behaviour of a single molecule can help in building a firm knowledge in our 
understanding of the rheology of polymer solution. Numerical simulations of a 
single chain have also been conducted. Using Brownian Dynamics Simulation 
(BDS) Larson et al. (1999) simulated the DNA chains in an extensional flow, and 
Hur et al. (2000) in shear flow. For the sake of this crucial issue, we have 
developed a novel model of polymer chains in DPD, which can be used to 
investigate the stretching of single polymer chain under Couette flows at various 
Weissenberg (Wi) number, ranging from 1.3 to 76. Numerical results are 
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compared to experiment data of Smith et al. (1999). The model description is 
presented below. 
6.2.2 Mechanism of the model 
The polymer chain is modelled by a number of DPD particles which are 
connected one to its adjacent one by a non-linear FENE spring. The spring force 
here acts on each pair of adjacent particles of a chain and is added to the right 
hand of Eq. 3.1. However, the chain here is allowed to break if the distance 
between two adjacent beads is greater than rmax, and conversely two chains can be 
connected into one chain if the ends of the two chains are closed enough, less than 
rmin, as depicted in Fig. 43 (the possibility of branched chains is not considered at 
this time). In this manner, we mimic the break-up and reformation of chains. Of 
course, this is a very crude model of the process, but we hope to capture the 
essential physics of flow-induced chain length distribution. 
 
Fig. 43. The DPD chains model 
The FENE chain [Bird et al. (1987a)] now is modified as 


















rij > rmax 
rij < rmin 
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where H is the spring constant, and rm is the ideal maximum length of one chain 
segment. Notice that the spring force increases unboundedly with rij/rm 
approaching unity. Here we choose rmax = 0.9rm. 
The time constant is important in characterizing molecular motion and can be 
formed from model parameters. Two constants with the time dimension can be 
obtained for the FENE spring [Bird et al. (1987a)]: 
 
4H H
ζλ = , (6.2) 









ζλ = . (6.3) 







λ= = . (6.4) 
There is no close-form expression for the relaxation time spectrum for FENE 
chains, we therefore use the FENE-PM model that has the same spectrum as the 
Rouse chain [Bird et al. (1987a)]. The relaxation time constant of FENE-PM 








λ λ −= + . (6.5) 
The molecular size can be measured by the contour length. If Lc denotes the length 
of one segment of a molecular chain consisting of Nb beads, then the contour 
length of the molecular chain is simply (Nb – 1)Lc. Another estimate for the 








= + . (6.6) 
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6.2.3 Extensions of a single polymer chain in shear flows 
Polymer chains in flows exhibit a variety of conformations. Recently, experiments 
were carried out on the dynamics and rheological properties of a single DNA 
chain in flows. Perkins et al. (1997) used optical tweezers and video fluorescence 
microscopy to study the extension of a tethered DNA molecule in a shear flow. 
The strength of applied shear flow is specified by the Weissenberg number, 
,Wi γτ=   which is the product of the shear rate, ,γ  and the polymer natural 
relaxation time, τ . As reported in [Smith et al. (1999)], they carried out the 
experiments for a single lambda bacteriophage DNA (λ-DNA) whose contour 
length is 22 μm, and the polymer relaxation time is 19 seconds, at three different 
Weissenberg of 1.3, 6.3 and 76. Following that data, we choose the chain formed 
by 33 DPD particles, H = 12, rm = 1.1, rmax = 1.0 and rmin = 0.2. The Weissenberg 
number of the experiments and our simulations should be matched.  Therefore, we 
now need to find the relaxation time for our model. Firstly, the fiction coefficient 
of a bead, ζ, can be estimated from the self-diffusion coefficient. In the present 
case, the self-diffusion coefficient of DPD particles*, according to Marsh (1998), 
is approximately calculated by 
 36 Bmk TD πργ≈ , (6.7) 
and the self-diffusion coefficient for a bead is 
 2 Bk TD ζ= . (6.8) 
With m = 1 and ρ = 4, we find ζ ≈ 0.7γ = 3.15 for σ = 3 and kBT = 1. The various 
relaxation times are, λH = 0.066, λQ = 0.317, λFENE = 19.72 with b = 14.52. The 
                                                 
* Eq. (6.7) is derived for the case considering only the conservative force, it thus would be more 
accurate to consider the self-diffusion coefficient by direct measurement in a separate simulation 
[Rapaport (1995)]. However, significant difference is not expected. 
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length of the chain segment is defined as Eq. (6.6), Lc = 0.43. Then we can 
estimate the contour length of 13.80.  
The size of fluid domain is -30 ≤ x ≤ 30, -1.5 ≤ y ≤ 1.5, and -15 ≤ z ≤ 15. We 
simulate the shear flows at shear rates of 0.066, 0.319 and 3.853 corresponding 
with Wi = 1.3, 6.3 and 76 respectively.  
Before discussing our results, it is necessary to briefly describe the simulation 
procedure. The initial positions of beads of single chain are chosen from random 
vectors distributed over the surface of unit sphere and of course inside the 
channel. It is important to note that the molecular extension, as defined by Smith 
et al. (1999), is the maximum projected extension in the flow-vorticity plane (not 
the average end-to-end distance). For a direct comparison, we consider the 
extension defined in this manner; we also calculate the maximum end-to-end 
extension for our simulations and compare two cases. 
After 2x104 time steps (allowing steady state at applied shear rate to be achieved), 
the molecular extensions, i.e., the maximum molecular extension in the flow 
direction projected in the flow-vorticity plane and maximum end-to-end 
extension, were sampled in 4x104 time steps. The distributions of extensions were 
then averaged over the total steady state sampling time, and showed in Fig. 44. 
The simulated probability distribution for polymer extension is in good agreement 
with experimental data from [Perkins et al. (1997)], especially at low Wi number. 
Actually, there is no reason to expect an exact agreement of the probability 
distribution – it is the trend that is important here. 
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Fig. 44. Probability distribution for polymer extension (projected in flow-vorticity plane) 
Next, we want to investigate the probability distribution of the end-to-end 
extension, compared to the experimental projected extension in the flow-vorticity 
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Fig. 45. The comparison distribution extension between the experimental end-to-end (Sim. 1) 
and the projected extension in flow-vorticity plane (Sim.) 
The above figures show that the experimental extensions (Sim. 1) have the same 
trend as the projected extensions (Sim.) but it is shifted to the left by about 5%. 
6.3 Conclusions 
In this section, we have presented an application of VNADPD model for brain 
tissues or similar soft solids. Its parameters have been fixed according to 
experimental rheometrical results obtained for the pig brain tissue. The method 
describes here can then be used to predict deformations and stresses induced by 
the penetration of a rigid microscopic neuroprobe into brain tissues. 
Besides, we introduce a novel DPD model of polymer chains and the model is 
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shear flows at various values of Wi. The key idea is that a (linear) chain model can 
be split into several linear chains and conversely they can be combined into one 
linear chain. The approach should facilitate our better understanding of the 
microstructures of polymer solutions and its corresponding rheology. 
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Chapter 7:  
Conclusions and future work 
It was the aim of this thesis to develop an efficient and versatile DPD method to 
simulate Newtonian and non-Newtonian fibre suspensions. The simulation can 
provide better understanding of the rheological properties of fibre suspensions, 
and insight into the DPD systems can extend its ability to model other complex 
fluids. In this chapter, we will summarize the important steps that have been made 
towards that goal and discuss the implication for the simulation results and the 
method itself. 
In Chapter 3, we have presented the DPD method in detail including the definition 
of DPD particle, its governing equations and the numerical algorithm. Density 
fluctuations at wall have been a persistent problem in DPD simulation. A double-
layer DPD model is introduced that reduces density fluctuations at walls. In 
particular, the new wall model is applied for simulating the Couette and Poiseuille 
flows of a Newtonian fluid, and the rheological properties are examined for an 
entire range of shear rates. The properties are confirmed by comparison with 
established characteristics of Newtonian fluids such as constant viscosity versus 
shear rates, and zero first and second normal stress differences. Above all the 
numerical results agreed excellently with analytical solutions. This encourages us 
to further simulate the contraction-expansion flow problem and the results are also 
in good agreement with solution obtained from the commercial software FluentTM. 
A parallel version of the DPD code was also implemented using the MPI 
language. 
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Our central problem of simulating fibre suspensions is methodologically solved 
through the following steps: first the model of fibre in DPD is developed and its 
parameters are studied through the single rod problem; secondly the fibre 
suspension in a Newtonian fluid is then simulated and the results are validated 
with other available experimental data or numerical models; thirdly a model of 
non-Newtonian fluid is developed to be able to simulate the polymeric liquid 
which is usually viscoelastic in nature; lastly integrating with the fibre model, 
fibre suspensions in viscoelastic fluid are simulated to predict their rheological 
properties. Furthermore, from the series of numerical simulations studying the 
Folgar-Tucker constant, a revised model is proposed to cope with the 
characteristics of viscoelastic fluids. The revised model was applied to 
qualitatively predict the rheological properties of fibre suspensions. These models 
are meticulously described in Chapter 4. First of all, the fibre is modelled in DPD 
by a series of osculating beads, and a set of constraints including distant and angle 
constraints are imposed among these beads during the simulating process to 
ensure its relative distance from one to another is kept fixed to form a rigid fibre. 
It is worth noting that an angle constraint can be replaced by distance constraints 
by applying triangulation. The set of distance constraints can be solved by either a 
direct method (forming a matrix then solving directly by LU algorithm) or an 
iterative method (using the relax Lagrange multipliers). The direct method is 
somewhat more expensive than the iterative method and it may also suffer from 
matrix ill conditioning. The iterative method is flexible and effective for 
correcting the relative positions of the beads in a fibre. However, sometimes it 
may not converge. Both methods are applied in our simulations.  
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Apart from this problem, the determination of parameters of interaction forces of 
fibre-solvent and fibre-fibre is also considered. The fibre-solvent interaction is 
studied carefully through the single rod problem in which a rod is moving with 
constant velocity in sea of fluid particles. The DPD parameters of fibre-solvent 
interaction are determined by fitting the numerical results with the analytical 
solutions of the single rod problems. The fibre-fibre interaction is modelled by 
both short- and long-range interactions. While the long-range interaction can be 
considered by the typical DPD forces, the short-range interaction forces are 
calculated by the lubrication force method of Yamane (1995). The fibre is 
integrated with the basic Newtonian solvent DPD model for simulation of fibre 
suspensions. 
For simulating fibre suspensions in viscoelastic fluids, a model of viscoelastic 
fluids needs to be developed. In DPD the polymeric liquid is usually modelled by 
suspending some polymer chains in a Newtonian fluid, where the polymer chains 
is connected by ‘virtual’ spring, modelled by FENE or wormlike spring forces. 
However, it is very difficult to obtain the proper properties of highly concentrated 
polymeric solutions by this approach because of the bonding and the entanglement 
among polymer chains. Moreover, for fibre reinforced composites, the solvent is 
often a non-dilute polymeric liquid or even a polymer melt in practice. The 
VNADPD model based on ‘network approach’ is developed to cope with this 
problem. The major feature of this approach lies in the linkages between specific 
particles to form the network. The linkage or link describes the relationship 
between particles of polymeric chains in a polymeric fluid. An important aspect of 
the link is that it can be created or destroyed under specified physical conditions. 
This model has been applied to simulate successfully several polymeric liquids 
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[Duong-Hong et al. (2005a, b)] and even soft solid – brain tissue [Duong-Hong et 
al. (2004b)]. The DPD simulations of fibre suspensions in Newtonian and non-
Newtonian (VNADPD fluid) are presented in Chapter 5. 
Last but not least the Folgar-Tucker constant is considered for fibre suspensions in 
viscoelastic fluids. This interaction coefficient now has to take into account both 
fibre orientation and fibre-matrix interaction. This is because the fibre orientation 
is itself also influenced by fibre-matrix interactions. The modified Folgar-Tucker 
constant is validated against results suggested by Phan-Thien et al. (2002) for 
fibre suspensions in Newtonian solvent. The new formula for constant Ci provides 
a complete prediction model when incorporated with the constitutive equation 
suggested by Fan et al. (1999). The model works well for the predictions of the 
rheological properties of fibre suspensions in both Newtonian and non-Newtonian 
fluids over the entire range of shear rates considered in our simulations.  
In Chapter 5, the reduced viscosity of fibre suspensions in a Newtonian fluid is 
presented. The simulation results agreed very well with the experimental data of 
Ganani and Powell (1986). The prediction model performs better than the model 
of Dinh and Armstrong (1984). The results for the reduced viscosity as well as the 
first and second normal stress differences of two VNADPD fluids are computed. 
They display the typical viscoelastic properties such as shear thinning and non-
zero first normal stress difference. Those fluids are then infused with fibres, and 
the fibre orientations and rheological properties of the suspensions are studied for 
different matrices, fibre volume fractions, and shear rates. The results show very 
good agreement with the experimental data [Ramazani et al. (2001)] and our 
proposed prediction model. 
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Another application of the VNADPD model is presented in Chapter 6. Residual 
stresses due to probe insertion into brain tissue are modelled and studied by the 
VNADPD model. Furthermore, we proposed another model that can capture the 
extension of a single DNA chain in shear flows. Good results are obtained that 
compared well with the experimental data of Perkins et al. (1997). The present 
study demonstrates the ability of DPD to model the behaviour of highly complex 
fluids, which may find applications in bioengineering and nano-technology. 






Some other constitutive equations are tabular below.   







Jeffery (1922) Ellipsoids Dilute ∞ aR Æ ∞ 
Guth (1938) Ellipsoids Dilute ∞ No shear thinning; 
Eq. (A.1) 
Burgers (1938) Rods Dilute ∞ No shear thinning; 
Eq. (A.2) 
Simha (1940) Ellipsoids 
Rods (aR 
>10) 
Dilute 0 No shear thinning; 
Eq. (A.3) 
Kuhn and Kuhn 
(1945) 
Ellipsoids Dilute 0 No shear thinning; 
Eqs. (A.4); (A.5) 




Dilute ∞ No shear thinning; 
Eq. (A.6) 
Brodnyan (1959) Ellipsoids All All No shear thinning; 
Eq. (A.7) 
Blakeney (1966) Rods Dilute and 
semi-dilute 
All No shear thinning; 
Eq. (A.8) 
Ziegel (1970) Rods All All Shear thinning; Eq. 
(A.10) 
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Leal and Hinch 
(1971) 
Ellipsoids Dilute 31 ePe a 
 
No shear thinning; 
Eq. (A.11) 
Hinch and Leal 
(1972) 
Ellipsoids  
(ae Æ ∞) 
Dilute All Shear thinning for 
31 ePe a  ; Eqs. 
(A.12),(A.13), 
(A.14) 
Brenner (1974) Ellipsoids 
and rods 
Dilute All Shear thinning for 
1Pe ; Eqs. 
(A.15); (A.20); 
(A.22) 
Bird et al. (1977) Rods Dilute All No shear thinning 
Doi and Edwards 
(1978) 
Rods Semi-dilute All Shear thinning; Eq. 
(A.23) 
Bibbo et al. (1985) Rods Semi-dilute All No shear thinning; 
Eq. (A.24) 
Berry and Russel 
(1987) 
Rods 
( )1Ra   
Dilute 1Pe  Shear thinning; Eq. 
(A.25) 
 
Note that ae is the axial ratio of the ellipsoids. 
Guth (1938): 
 ( ){ }1 / 2 ln 2 1.5 2r e ea aη φ= + − +⎡ ⎤⎣ ⎦  (A.1) 
 
Burgers (1938): 
  ( )1 2 / 3 ln 2 1.8r R Ra aη φ π= + −⎡ ⎤⎣ ⎦  (A.2) 
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Simha (1940): 
 ( ) ( )
2 2 141






η φ ⎡ ⎤= + + +⎢ ⎥− −⎣ ⎦
 (A.3) 
with aR > 10 
Kuhn and Kuhn (1945): 
For 1 < ae < 15 
 ( )1.5081 2.5 0.4075 1r eaη φ φ= + + − ,  (A.4) 
For ae > 15 
 ( ) ( )
2 1 11 1.6






η φ⎡ ⎤⎛ ⎞= + + +⎢ ⎥⎜ ⎟⎜ ⎟− −⎢ ⎥⎝ ⎠⎣ ⎦
 (A.5) 
Nawab and Mason (1958): 
 ( )21 2 / 3 ln 2 1.8r R e Ra r aη φ π⎡ ⎤= + −⎣ ⎦  (A.6) 












⎡ ⎤+ −= ⎢ ⎥−⎢ ⎥⎣ ⎦
, (A.7) 
where K1 is an interaction constant; K1 = 1.35 if ae = 1, K1 ≈ 1.91 if ae >> 1. 
 
Blakeney (1966): 
 21r A Bη φ φ= + +  (A.8) 
 ( ) 2
2 ; 0.73




aπ= =−  (A.9) 
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af f φη ζ χ γ ⎛ ⎞= + − + ⎜ ⎟⎝ ⎠
  (A.10) 
where f is a factor giving the degree of agglomeration, ζ is a closeness of approach 
factor which is like a coefficient of friction, and χ is a rate constant for the 
equilibrium between free particles and agglomerates. 








η φ⎛ ⎞= + +⎜ ⎟−⎝ ⎠  (A.11) 
Hinch and Leal (1972): 
 ( )1 0.315 / lnr e ea aη φ= +      3ea Pe  (A.12)  
 ( )2 1/31 0.5 / lnr e ea Pe aη φ= +       31 ePe a   (A.13) 
 ( )21 4 /15lnr e ea aη φ= +      1Pe  (A.14) 
Brenner (1974): 






aπ= − , E is a constant 
having a value of around 5.45. 
 ( ) ( )
2
2 3 2 3 41 2 2 12 6 35 /1260r
DPe












−= + −  (A.16) 
 
( ) 23 1 ln 2 3/15 1ln ln 8R R R
a EK D
a a π




2 1 ln 2 31





⎡ ⎤⎛ ⎞−⎛ ⎞= − −⎢ ⎥⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎣ ⎦  (A.18) 
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For 1/3 1er Pe
−  , ( )0.528 / 3 lne R Rr a E aπ=      
 (A.19) 
 1 1/321 2 (15 / 4)( 1)r D K KPeη φ− −⎡ ⎤= + + − −⎣ ⎦  (A.20) 
where  
 12 20.822 5.388( 1)K K D K
−= + −  (A.21) 
Finally, for weak Brownian motion, 1/3 1ePe r  : 
( )222 2 3215 1.792 3.0521 2 1 1 3 44 Rr e e
K aK K K
r D r DPe
η φ⎧ ⎫⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎪ ⎪⎛ ⎞⎛ ⎞= + − − − − − +⎨ ⎬⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
(A.22) 
Doi and Edwards (1978): 
 3 31 ( )r nlη = +  if   3 1nl   (A.23) 




rη φ π= −  (A.24) 
Berry and Russel (1987): 
 [ ] [ ]2 251r Kη η φ η φ= + +  (A.25) 
with: 
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Appendix B 
The Schmidt number is usually defined: 
 Sc
D
υ=  (A.27) 
Where υ is the kinematic viscosity and D is the diffusion constant. 
Assuming the uniform density, the radial distribution function g(r) = 1.0, Groot and 
Warren (1997), the dissipative contribution to viscosity can be calculated by: 




2 rwrdr DD πγρη  (A.28) 
Whereas the kinetic contribution to viscosity is defined: 
 / 2,K K Dη ρν= =  (A.29) 
where D is the diffusion constant and calculated as: 
 TktdtD Bτ=⋅= ∫∞0 )()0(31 ii vv  (A.30) 
 ∫∞= 0 2 )(341 rwrdr Dπγρτ  (A.31) 
The viscosity can now be calculated: (sum of kinetic and dissipative viscosities) 
 DK ηηη +=  (A.32) 




ην ==  (A.33) 











πγρη πγ= +  (A.34) 
 
4 21 (2 )






ρ= ≈ +  (A.35) 
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It is important to note that the viscosity of DPD fluid is a resulting property of a 
specific set of DPD parameters rather than the input parameter, thus the Eq. (A.34) is 
used for roughly predicting the viscosity of the simple DPD fluid. It is very useful for 
adjusting the DPD parameters to meet the viscosity of real fluid. 
To render the equations dimensionless in DPD, a specific scaling has to be applied to 
meet the standard units. Like other methods, the scaling law requires to choose three 
independent units, in DPD the length unit [σ], the mass unit [m] and the energy unit 
[ε] are often chosen corresponding to the characteristic length, mass and energy of the 
simulating fluid. The time unit [t] directly follows from the above and is given by 
( 2 /mσ ε ). 
Particularly, for the length unit, it is chosen based on the characteristic length of 
specific fluid, for instant in case modelling polymer chain the contour length of 
polymer chain should be scaled with the length of the modelled chain, while 
modelling fibre the length of fibre may be used for defining length unit. The mass unit 
may be chosen so that the density of DPD fluid can be match with the density of the 
simulating fluid and finally the energy unit is chosen based on the temperature of the 
simulating systems. 
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Appendix C 
 
The specification of the Hydra 3 clusters: 
Head node 
• HP rx5670-based Itanium-2 1GHz CPU x 04  
• 4GB RAM 
• 72 GB disk x 02, 36 GB disk x 02 
Client node x 14 
• HP rx5670-based Itanium-2 1GHz CPU x 04  
• 4GB RAM 
• 36 GB disk x 02 
Cluster Interconnect 
• Myrinet-2000 
• HP Procurve switch 
Disk Storage 
• 73 GB disk x 04 
Operating System 
• Redhat Advanced Server 2.1 
Benchmark 
• LINPACK at 167 GFLOPS over Myrinet 
Itanium 2 processor 
• System bus 
– 128 bits wide 
– 200MHz 
– 6.4 GB/s 
• Caches 
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– L1 (2x16K), L2 (256K), L3 (6MB) 
• Functional units 
– 6 integer units 
– 2 loads and 2 stores per clock 
• Addressing 
– 50-bit physical addressing 
– 64-bit virtual addressing 
– Maximum page size of 4GB. 
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